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Fig. 1. Turbulent airflow surrounding a running single-seater race car. We develop Kinetic Predicted-Moment Flux Reconstruction (KPM-FR), a spatially
high-order fluid simulation method that combines high simulation fidelity, large computational throughput, and compact state storage in a hardware-aware
GPU solver. Here, we present a single-resolution aerodynamic simulation of a 5.5 m-long single-seater race car traveling at 220 km/h, with a uniform grid of
2000 x 332 x 800 solution points. The simulation demonstrates the scale reached by the single-GPU implementation: it captures this high-resolution scenario
using only 21 GiB of memory. This brings high-resolution aerodynamics into a desktop-GPU memory budget, with per-frame computation time comparable to
that of highly optimized LBM, all while preserving the rich multiscale vortical structures observed in the volume rendering.

The simultaneous pursuit of high fidelity, large computational throughput,
and a minimal memory footprint has long constituted the central challenge
in fluid simulation research. Yet state-of-the-art methods struggle to recon-
cile all these objectives, and often entail navigating trade-offs among them.
We present Kinetic Predicted-Moment Flux Reconstruction (KPM-FR), a
high-order kinetic-based scheme for low-Mach-number weakly compress-
ible flows that advances all three fronts within a single framework. KPM-FR
is a flux-form fluid flow solver rooted in the principles of the gas-kinetic
scheme (GKS), deriving numerical fluxes from the locally evolved Boltzmann-
BGK equation to recover Navier-Stokes (NS) solutions. Departing from the
GKS and its variants, it carries out kinetic evolution entirely in moment
space within the high-order flux reconstruction (FR) framework through a
concise predictor-corrector scheme. This translates to two fused GPU kernels
per time step, streamlining computation and confining intermediate data
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to on-chip memory. This design confers several practical advantages. First,
compared to conventional high-fidelity lattice Boltzmann methods (LBM),
the moment-based formulation reduces the per-point memory footprint by
more than fivefold. Second, at matched resolutions, its high-order spatial
formulation exhibits markedly lower numerical dissipation, preserving fine-
scale vortical structures with greater fidelity. Combining these advantages
with a near-saturated throughput exceeding 8 billion solution-point updates
per second on a single consumer GPU, KPM-FR delivers large-scale fluid
simulation on commodity hardware. Quantitative benchmarks confirm high-
order spatial convergence and spectral-like dissipation characteristics, while
validation against reference data for flow past solid bodies verifies its practi-
cal accuracy. Ultimately, we demonstrate the versatility of KPM-FR across
complex geometries and large-scale turbulent flows, capturing multiscale
structures with 1.8 billion solution points on a single desktop workstation.
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1 Introduction

Simulating the transient dynamic behavior of complex fluid flows,
an endeavor central to computational fluid dynamics (CFD) and a
key research area in computer graphics (CG), has been shaped for
decades by a persistent tension among three critical objectives. High
fidelity mandates stable solutions that are both physically accurate
and visually plausible. Large computational throughput requires en-
abling the execution of high-resolution simulations within feasible
timeframes. Minimal memory footprint ensures these computation-
ally demanding simulations are tractable on commodity hardware.
For much of the existing literature, this tension has necessitated
compromises in prioritizing these three objectives, driving the field
to converge on a pragmatic trade-off: the widespread adoption of
specialized solvers tailored to distinct application requirements.
This trade-off is clearly reflected in the dominant methodologies
across both CFD and CG. Traditional incompressible Navier-Stokes
(NS) solvers for low-speed flows, for instance, excel at enforcing
incompressibility [Chorin 1968; Harlow and Welch 1965], but suffer
from the computational cost of a global pressure solve and height-
ened numerical dissipation in advection-dominated flows [Ferziger
et al. 2020; Karniadakis and Sherwin 2005]. To mitigate these limi-
tations, kinetic methods have emerged as a compelling alternative.
The lattice Boltzmann method (LBM), a weakly compressible solver
for approximating incompressible fluid flow behavior, owes its low
numerical dissipation to its local, conservative streaming and colli-
sion processes, rendering it highly effective for resolving fine-scale
structures in vortical and even turbulent flows [Kriiger et al. 2017].
This advantage, however, is offset by the substantial memory foot-
print incurred by storing full distribution functions. A promising
remedy, explored in moment-representation LBM (MR-LBM) [Fer-
rari et al. 2023; Li et al. 2023; Valero-Lara et al. 2023], is to store
only macroscopic moments. This approach, however, introduces a
critical dilemma: the computationally expensive reconstruction of
distribution functions from moments, a step necessary for stream-
ing, reintroduces enhanced numerical dissipation. Furthermore, the
large shared memory footprint of these reconstructed distribution
functions introduces a new computational bottleneck. Developed in
parallel with LBM, the gas-kinetic scheme (GKS) [Xu 2001] acts as
a flux-based alternative that obviates the need to store distribution
functions by constructing macroscopic fluxes through local kinetic
evolution. This conceptual elegance, however, is offset by its high
arithmetic intensity and the numerical dissipation inherent to its
conventional finite-volume spatial discretization [Guo et al. 2008].
While the LBM has become a widely adopted kinetic solver, par-
ticularly for vorticity-dominated regimes where low numerical dissi-
pation is paramount, its reliance on lattice-based streaming imposes
an intrinsic structural limitation: the trade-off between memory
overhead and solution fidelity. Rather than continuing within this
paradigm, we propose a fundamental departure. We pivot to the
flux-centric philosophy of the GKS, which fundamentally decouples
kinetic evolution from velocity-space storage to ensure a minimal
memory footprint. To address the computational complexity and
numerical dissipation typically associated with traditional GKS,
we reformulate the kinetic flux within the high-order flux recon-
struction (FR) framework [Huynh 2007]. By retaining the core GKS
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principles for interface flux reconstruction and exploiting its cou-
pled advection-diffusion physics, we enable FR to serve as a highly
efficient high-order spatial discretization engine, which reduces
numerical dissipation significantly. Collectively, this novel formula-
tion, which we name Kinetic Predicted-Moment Flux Reconstruction
(KPM-FR), mitigates the individual limitations of both GKS and FR,
yielding a new solver that fulfills our design objectives.

We realize KPM-FR through an efficient predictor-corrector scheme
designed for low-Mach-number flows, combining a compact mathe-
matical formulation with hardware-oriented optimization to achieve
high computational performance. The key to its efficiency lies in the
use of kinetic moments as intermediaries, which enables a compact
encode-transmit-decode pipeline that substantially reduces memory
traffic and register consumption, while condensing the kinetic evo-
lution into a streamlined algebraic operation sequence. Built on
this mathematical compactness, we design a hardware-aware archi-
tecture that significantly improves the efficiency of high-order FR
methods for tensor-product elements on GPUs. By explicitly fusing
the entire workflow into a minimal two-kernel cycle, this design
achieves near-roofline memory-bandwidth utilization, sustaining a
throughput of over 8 billion solution-point updates per second for a
complete time step on an NVIDIA RTX 4090 GPU. Consequently,
this raw computational throughput translates to time-to-solution
gains over state-of-the-art LBMs at comparable dissipation error,
while simultaneously reducing memory requirements to only 18% of
standard LBM implementation in graphics [Lyu et al. 2023], 34% of a
high-fidelity in-place streaming implementation in CFD [Geier et al.
2025], and 53% of MR-LBM [Li et al. 2023]. Notably, this efficiency
and compact memory footprint are attained without compromising
numerical fidelity: our method exhibits lower numerical dissipation
than the state-of-the-art cumulant LBM [Geier et al. 2017].

Our scheme is systematically validated through a series of tests,
ranging from fundamental vortex benchmarks that verify spectral-
like fidelity to challenging high-Reynolds-number aerodynamic
flows. We extensively assess the method’s performance in terms of
computational throughput and memory efficiency by comparing it
against state-of-the-art methods, revealing a compounding advan-
tage: our solver not only sustains high computational throughput
at equivalent resolutions, but more importantly, achieves compa-
rable fidelity with significantly fewer solution points. Finally, we
demonstrate the solver’s versatility in resolving intricate turbulent
flow features across practical scenarios, as illustrated by the airflow
around a moving race car in Fig. 1. It faithfully captures complex
wake dynamics under tight computational budgets, verifying that
high-order fidelity, high efficiency, and large-scale simulation can
be concurrently achieved on a single commodity GPU.

2 Background and Related Work

Prior to introducing our kinetic-based scheme, we begin by provid-
ing background on fluid models governed by both the NS equations
and the Boltzmann-BGK equation. We then briefly review numerical
methods for these models, spanning both the computer graphics
and computational fluid dynamics fields. Given that our scheme is
grounded in the flux reconstruction framework, we also summarize
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relevant prior work in this area. We close this section by outlin-
ing the distinctions between our approach and existing methods,
followed by a breakdown of our contributions in itemized form.

2.1 Navier-Stokes formulation

Fluid flow under typical low-speed isothermal conditions, a common
scenario in practice, is usually governed by the following incom-
pressible Navier-Stokes (NS) equations [Ferziger et al. 2020]:

d 1
A ou - Vu=-—Vp+iViu+g
ot Po (1)

V-u=0,

where u and p denote the velocity and pressure fields, respectively;
po is the reference density; v is the kinematic viscosity; and g is the
volumetric acceleration field. The primary challenge in solving the
above model equations lies in efficiently enforcing the divergence-
free condition V - u = 0, as well as achieving conservative advection
with minimal numerical dissipation and dispersion. In the CFD field,
fundamental numerical solutions for the incompressible NS equa-
tions were first established via finite-difference methods on stag-
gered grids, most notably the marker-and-cell (MAC) scheme [Har-
low and Welch 1965]. To enhance conservation enforcement on
body-fitted meshes, finite-volume (FV) discretizations emerged as
the de facto standard, enabling geometric conformity for practical
applications through pressure-correction algorithms such as SIM-
PLE [Patankar 1980]. Concurrently, finite-element methods (FEM)
were developed to offer a rigorous variational foundation, with in-
herent support for unstructured meshes [Zienkiewicz and Taylor
2013]. However, the divergence-free constraint inevitably requires
solving a computationally expensive Poisson equation globally. To
circumvent this bottleneck and leverage modern parallel hardware
architectures, artificial compressibility methods (ACM) were pro-
posed to relax this constraint [Chorin 1967; Clausen 2013], thereby
converting the system to a hyperbolic form suitable for explicit
time-stepping. This explicit computational efficiency aligns with
the growing demands for large-eddy simulation (LES) of turbulent
flows, a trend that has further spurred the adoption of high-order
spectral element discretizations aimed at minimizing numerical
dissipation and dispersion [Wang et al. 2013].

While CFD methods typically target predictive accuracy, numer-
ical methods in computer graphics have historically prioritized
cost-effectiveness and stability, reflecting their respective applica-
tion requirements. The dominant paradigm discretizes governing
equations on regular grids using low-order finite-difference or finite-
volume schemes, paired with a pressure-projection step analogous
to CFD approaches. The landmark Stable Fluids method [Stam 1999]
introduced an efficient semi-Lagrangian framework that remains
ubiquitous; its variants enhance accuracy or visual fidelity through
higher-order or error-compensated advection schemes [Dupont
and Liu 2003; Fedkiw et al. 2001; Qu et al. 2019; Selle et al. 2008;
Zehnder et al. 2018]. Complementary work has developed turbu-
lence synthesis techniques [Kim et al. 2008; Pfaff et al. 2010], while
additional efforts boost small-scale detail via vorticity-based for-
mulations, including vortex filaments, vortex sheets [Brochu et al.
2012; Pfaff et al. 2012; Weifimann and Pinkall 2010; Zhang et al.

2015], and covector methods [Nabizadeh et al. 2022]. Beyond struc-
tured grids, researchers have explored energy-preserving formu-
lations and finite-volume schemes for tetrahedral meshes [Mullen
et al. 2009]. More recently, a body of work has proposed using
flow maps to represent the flow state, enabling low-dissipation
long-time advection [Deng et al. 2023; Zhou et al. 2024]. Hybrid
Eulerian-Lagrangian methods couple grid-based pressure and dif-
fusion solvers with particle-based advection, yielding PIC/FLIP-
style schemes (e.g., APIC) that enforce incompressibility and reduce
dissipation of original PIC [Jiang et al. 2015; Markidis et al. 2018;
Nabizadeh et al. 2024; Qu et al. 2022; Raveendran et al. 2011]. Simi-
lar to our work targeting large-scale fluid simulation under limited
computational resources, Golas et al. [2012] and Liu et al. [2016]
have shown that pressure-projection solvers can achieve very large
grid resolutions. All the above-mentioned methods have matured
considerably, delivering impressive results across a diverse range
of applications. As the graphics community increasingly pursues
quantitative predictive fidelity alongside visual realism, however,
two additional properties have become critical: conservative, low-
dissipation nonlinear advection, and fully explicit time integration
free of global linear solves. This motivates the development of a
novel solver that combines predictive fidelity with fully explicit
GPU-optimized execution.

2.2 Kinetic formulation

To address the longstanding challenges of incompressible NS solvers,
kinetic approaches have grown increasingly prominent in both
CFD and CG communities in recent years. Intuitively, their appeal
arises from the mathematical structure of the underlying continuous
Boltzmann equation [Kriiger et al. 2017]: it transforms nonlinear
macroscopic advection into a linear transport process in the particle
velocity space, coupled with a local nonlinear collision operator.
This formulation is inherently hyperbolic, obviating the challenge
of global pressure solvers and facilitating strictly local data prop-
agation. The continuous Boltzmann equation employed in kinetic
methods is expressed as follows:

of _
SHE V=), )

where £ is the particle velocity, and the collision operator Q re-
laxes the particle distribution function f(x, £, t) toward the local
Maxwellian equilibrium distribution function g, all in continuous
form. For isothermal flows, g = g(p, u) depends on the macroscopic
fluid density p and velocity u only, both derived from the velocity
moments of f as: p = ffd.f and pu = f £f d&. The collision op-
erator is conservative, satisfying f Qd& =0and f £QdE=0.In
the continuum limit, the isothermal Boltzmann equation reduces
to the weakly compressible NS equations to approximate the in-
compressible flow equations, providing a mesoscopic foundation
for fluid flow simulation. This framework has spawned two primary
families of kinetic solvers: the lattice Boltzmann method (LBM),
which uses a stream-and-collide algorithm, and gas-kinetic schemes
(GKS), which reconstruct fluxes at element interfaces.
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2.2.1 Lattice Boltzmann method. In both CFD and CG, the lattice
Boltzmann method (LBM) has emerged as a well-established alter-
native to classical NS-based schemes, primarily owing to its high-
performance, GPU-friendly computational structure [Li et al. 2003],
and excellent spectral-like characteristics that enable extremely low
numerical dissipation [Geier et al. 2021]. Standard LBM comprises
two distinct, sequentially executed steps: a streaming step and a
collision step, written as:

filx+ &t + At) = fi(x, 1) + Q, (3)

where £; denotes the discretized lattice velocity, and Q; is the corre-
sponding discretized collision operator that relaxes the discretized
distribution functions f; toward their local equilibrium counter-
parts g; [Kriiger et al. 2017]. Note that Q; needs to be modeled to
recover NS equations, and the simplest formulation is the lattice
BGK model [Bhatnagar et al. 1954; Chen and Doolen 1998], given by
Q; = —(f; — gi)/r, with relaxation time 7 = 3v + 1/2, where v is the
kinematic viscosity. Macroscopic variables are retrieved via discrete
moments: p = }; f; and pu = }}; £, f;. While this stream-and-collide
structure is highly efficient in implementation, the widely adopted
D3Q27 LBM requires storing 27 distribution functions in 3D at each
lattice node, resulting in a considerable memory footprint.

Owing to the well-documented stability issues of the lattice-BGK
model in simulating fluid flows at high Reynolds numbers, a range
of enhanced formulations have been proposed to mitigate this chal-
lenge, from the regularized lattice-BGK model [Latt and Chopard
2006] to multiple-relaxation-time [d’Humieres 2002; Lallemand and
Luo 2000], central-moment [Geier et al. 2006, 2009], and more ad-
vanced cumulant [Geier et al. 2017, 2015] models. These models
are designed to balance stability with minimal numerical dissipa-
tion. While the streaming process is conceptually straightforward,
it imposes substantial memory demands: two full sets of distribu-
tion functions must be stored per node to avoid data write conflicts.
To mitigate this overhead, various streaming optimizations have
been developed [Bailey et al. 2009; Geier and Schonherr 2017]. In
computer graphics, LBM has been extensively explored for high-
efficiency, high-quality fluid flow simulation, spanning from early
gaseous phenomena solvers [Wei et al. 2004] and GPU-accelerated
implementations [Li et al. 2003], to recent turbulence-aware and
detail-preserving models [Li et al. 2020a, 2023; Liu et al. 2014; Lyu
et al. 2023, 2021], and two-phase extensions [Li et al. 2022; Xiao
et al. 2025]. More recent work has also addressed turbulent bound-
ary layer treatments to enhance the physical consistency of the
corresponding simulations [Liu et al. 2025; Liu and Liu 2023].

The streaming step in Eq. (3) embodies a defining trade-off in
LBM: per-direction non-locality yields ultra-low numerical dissipa-
tion but incurs significant memory overhead. The state-of-the-art
MR-LBM [Li et al. 2023] reduces memory usage by storing moments
rather than distribution functions f;, yet streaming still requires
on-the-fly reconstruction of f; from moments at each link, increas-
ing per-link data volume and necessitating shared memory and
half-precision storage to fit within on-chip memory. Furthermore,
the reconstruction step introduces additional numerical dissipation
compared to the native streaming formulation.
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2.2.2  Gas-kinetic scheme. As an alternative to the streaming-based
formulation, we turn to streaming-free kinetic formulations, specifi-
cally the gas-kinetic scheme (GKS). GKS is a hybrid formulation that
couples the traditional FV framework for the conservative-form NS
equations with the locally-evolved Boltzmann equation [Xu 2001].
The core of the GKS resides in computing the common flux F* at
the element interface as a key component of the update rule for
macroscopic conservative variables, e.g., in 1D as:

At 3 ik
Ui(At) =U;i(0) - Ax (Fi+1/2 - Fi—l/z)’

where F}, | /2
the inter-element coupling. A key challenge arises when neighbor-
ing elements exhibit distinct states, introducing ambiguity regarding
which state to adopt at the interface. However, naive approaches
such as averaging fluxes from both sides result in unconditionally

unstable schemes [Toro 2009]. By directly taking moments of Eq. (2)

denotes the flux at the element interface, accounting for

with respect to ¢, where ¢ = [1, & T] T denotes the moment vector,
it follows that the flux is related to f as F = (£€¢ f), in which the
moment operator (Af) = [ Af d¢& is adopted. Using the half-range
integration defined as (Af), = /s*n% o Af d& along each side of the
element interface, the flux is constructed by decomposing the con-
tribution into terms from the distribution function to the left of the
interface f; and that to the right fr as F* = (&.9f1), + (&nofr)_,
where &, denotes the component of £ normal to the element in-
terface [Chou and Baganoff 1997]. A core insight of GKS is the
construction of a time-evolving analytical distribution function at
the element interface, which is derived from the initial states f and
fr (obtained via Eq. (2)) and a kinetic evolution scheme that we elab-
orate upon subsequently. This simulation fidelity is accompanied
by increased analytical complexity and computational overhead.
Like the LBM, the original GKS [Xu 2001] is a single-stage, second-
order scheme that obviates the need for Runge-Kutta time integra-
tion. However, the analytical formulation of the GKS results in flux
functions that are highly complex and computationally expensive
[Sun et al. 2015; Toro 2009]. To mitigate this complexity, the lat-
tice Boltzmann flux solver (LBFS) replaces analytical integration
with numerical quadrature by discretizing particle velocity [Shu
et al. 2014] and incorporates Runge-Kutta time-stepping to broaden
its applicability. Similarly, the gas-kinetic flux solver (GKFS) [Sun
et al. 2015] and other simplified variants [Capdeville 2023; Yang
et al. 2014, 2017] streamline flux calculation through a variety of
approximations. For multiscale flow simulations, the unified gas-
kinetic scheme (UGKS) [Xu and Huang 2010] and discrete unified
gas-kinetic scheme (DUGKS) [Guo et al. 2013], analogous to the LBM,
explicitly store distribution functions to capture non-equilibrium
effects. Conceptually, Grad-based methods [Liu et al. 2023] replace
DUGKS’s discrete distribution functions with Grad’s moments for
rarefied flows to reduce memory overhead; though their regimes
and objectives differ, as we shall demonstrate later, the concept of
non-equilibrium encoding finds independent application in FR.
Despite these notable advancements, GKS and its variants within
the second-order FV framework have not yet matched the efficiency
and spectral characteristics of cumulant LBM for low-speed flow
regimes, which form the core focus of this work, most computer
graphics and many industrial design-oriented applications. The
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substantial analytical complexity of the GKS, coupled with the nu-
merical dissipation inherent to second-order FVM [Wang et al. 2013],
limits the competitiveness of GKS-based frameworks for simulating
low-speed, nearly incompressible flows, especially those with tur-
bulence. Nevertheless, high-order discretization frameworks offer a
natural pathway to harnessing the GKS’s unified inviscid-viscous
flux formulation [Ren et al. 2015], which yields key insights that
motivate our focused exploration of a high-order kinetic framework.

2.3 High-order flux reconstruction

Capturing intricate vortical structures requires extremely low nu-
merical dissipation. High-order approaches provide the foundation
for low-dissipation schemes that GKS demands, by fundamentally
replacing simple linear reconstruction with richer polynomial ap-
proximations, which is analogous to how bicubic interpolation pre-
serves sharp details that would otherwise be smoothed by numerical
dissipation. The update procedure of LBM in Eq. (3) achieves this effi-
ciency effectively by conservative on-lattice streaming and collision
with adaptive high-order relaxation rates in advanced collision mod-
els such as cumulant LBM, yet second-order schemes such as GKS
fail to provide this level of fidelity [Wang et al. 2013], a limitation
that motivates the adoption of high-order spatial discretizations.

While high-order interpolations are prevalent for Eulerian fluid
dynamics, an alternative perspective emerges: high-order represen-
tation of the fluid field. In computer graphics, this modeling capabil-
ity of high-order schemes has been harnessed to handle topological
changes in solids [Kaufmann et al. 2009] and extended to capture
sub-grid scale fluid details [Edwards and Bridson 2014]. Among
the high-order approaches, the flux reconstruction (FR), proposed
by Huynh [2007], stands out for its simplicity and computational
efficiency [Liang et al. 2013]. FR offers a generalized framework
that unifies both DG and SD schemes via parameterization of the
correction function, enabling navigation of trade-offs between ac-
curacy and stability, with adjustments to timestep [Vincent et al.
2011] and the achievement of spectral characteristics that exceed
those of traditional schemes [Asthana and Jameson 2015].

To accommodate viscous flows involving second-order spatial
derivatives, the original FR was subsequently extended by Huynh
[2009], which encompasses conventional schemes such as the Bassi-
Rebay (BR1 and BR2) methods [Bassi and Rebay 1997, 2000] and
the local discontinuous Galerkin (LDG) method [Cockburn and
Shu 1998]. All these approaches share a structural commonality:
viscous flux computation relies on an ad hoc procedure to ensure
inter-element consistency of second-order derivatives [Huynh 2009].
While mathematically rigorous, these formulations, however, aug-
ment algorithmic complexity and communication overhead [Zhang
et al. 2018]. Alternative approaches include the interior penalty (IP)
method [Arnold et al. 2002], which is relatively straightforward to
implement but requires a stabilization penalty dependent on the
polynomial degree and mesh parameters, as well as the recovery-
based DG (RDG) method [Van Leer and Nomura 2005], which em-
ploys patch recovery, resulting in a wider stencil and additional
computational overhead.

The kinetic formulation provides a powerful alternative for re-
solving the aforementioned challenges. The unified handling of

inviscid and viscous fluxes in GKS [Xu 2004] and its inherent ki-
netic penalty obviates the need for auxiliary gradient treatments,
enabling a unified kinetic formulation [Xu 2004]. Several GKS-FR
frameworks have been proposed to leverage this advantage. Early
implementations [Ren et al. 2015; Xu 2004; Zhang et al. 2018] inherit
the single-stage structure and unified inviscid-viscous treatment of
classical GKS, yet retain its analytical complexity, resulting in costly
flux evaluation. To alleviate this computational burden, simplified
variants introduce deliberate trade-offs: the kinetic inviscid flux
method [Li et al. 2020b] enables lightweight flux computation by
replacing unified viscous treatment with a BR1-like auxiliary proce-
dure. Meanwhile, approaches based on LBFS [Ma et al. 2022] achieve
conceptual and implementation simplicity at the expense of high
arithmetic intensity and multi-stage Runge-Kutta time integration.

In summary, these approaches reveal a recurring pattern: each
method adopts deliberate trade-offs within the design space. Retain-
ing the original GKS incurs computationally expensive flux evalua-
tion in the low-speed regime; employing multi-stage time-stepping
increases wall-clock time; and decoupling the unified viscous treat-
ment reintroduces communication overhead from auxiliary gradient
computations. For a practical kinetic flow solver aiming to simultane-
ously achieve high accuracy, extreme throughput, and low memory
footprint, all three aspects must be co-optimized, a goal not yet
attained by existing kinetic FR schemes.

2.4 Our contributions

In this paper, we propose Kinetic Predicted-Moment Flux Recon-
struction (KPM-FR), a novel high-order kinetic scheme tailored to
co-optimize accuracy, throughput, and memory footprint for high-
performance fluid simulations. Our contributions are threefold:

o A moment-based spatially high-order kinetic-based framework.
This framework unifies the spectral accuracy of high-order flux
reconstruction with the unified inviscid-viscous treatment of ki-
netic schemes, specifically tailored for low-Mach-number flows.
Our key innovation is an encode-transmit-decode pipeline that
operates entirely in moment space to minimize GPU memory
traffic, while streamlining flux reconstruction into a sequence
of highly efficient algebraic operations.

o A hardware-aware predictor-corrector architecture. We realize
this framework through a lightweight predictor-corrector pair
tailored for tensor-product FR on modern GPUs, fusing core
operations into two kernels. This design leverages the hierarchy
of on-chip memory to execute the single-stage explicit update,
along with mixed-precision storage to saturate GPU memory
bandwidth for high solution-point throughput.

State-of-the-art performance and scalability. We demonstrate fa-

vorable time-to-solution compared with state-of-the-art LBM

solvers at equivalent error levels, while achieving over 8 bil-
lion solution-point updates per second on a single consumer

GPU and reducing the memory footprint to 42 bytes per point.

We further demonstrate the method’s versatility through com-

prehensive applications encompassing low-dissipation to high-

throughput scenarios, scaling from million- to billion-point sim-
ulations on a single GPU.
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3  Kinetic Predicted-Moment Flux Reconstruction

We formulate KPM-FR for isothermal Navier-Stokes (NS) flows: gas-
kinetic evolution derives macroscopic numerical fluxes directly from
kinetic theory, and flux reconstruction (FR) discretizes the resulting
conservation law with high-order spatial accuracy.

3.1 Method overview

KPM-FR solves a kinetically derived conservation law (Section 3.2).
The conventional approach combines finite-volume discretization
with a multi-stage Runge-Kutta integrator. KPM-FR improves upon
both components. In space, it employs FR (Section 3.3), a high-
order element-based method that, similar to finite-volume method
(FVM), couples elements via macroscopic fluxes at shared interfaces.
Within each element, it uses K solution points per coordinate direc-
tion, achieving spectral-like resolution without mesh refinement. In
time, it replaces multi-stage integration with a single-stage update
(Section 3.4), halving the inter-element data exchanges per time
step, and the associated off-chip memory traffic.

Building on these foundations, a central challenge persists for all
flux-based kinetic solvers: how to efficiently compute the kinetically
derived macroscopic flux? (detailed in Section 3.5). A direct imple-
mentation incurs two compounding overheads: (i) gradient tensors
must be retrieved from neighboring elements via global memory
accesses, and (ii) coupling temporal evolution with flux evaluation
leads to analytically intricate expressions requiring special functions
or numerical quadrature. As illustrated in Fig. 2, KPM-FR addresses
both issues by decomposing flux evaluation into a modular predictor-
corrector cycle centered on predicted moments, which are compact
scalars generated by the predictor and utilized by the corrector. This
simultaneously eliminates gradient data transfers through com-
pact moment exchanges (Section 3.6) and analytical complexity
via lightweight arithmetic operations on pre-integrated moments
(Section 3.7), with a concise implementation recipe provided in Sec-
tion 3.8. The resulting two-stage structure is well adapted to GPU
architectures: each stage maps to a single fused kernel where all
computations including FR differentiation are executed on-chip, pre-
venting gradient data from spilling to DRAM (see Section 4), thereby
significantly boosting computational throughput. Each component
is described sequentially in the subsections that follow.

3.2 From Boltzmann to Navier-Stokes equations

The governing equation discretized by the FR scheme is derived from
a single kinetic equation. KPM-FR models fluid flow at the meso-
scopic level through the continuous Boltzmann equation incorporat-
ing the Bhatnagar-Gross-Krook (BGK) collision operator [Bhatnagar
et al. 1954], which is valid for dense fluids, and is written as:

of 1

o TE v =——(f-9) )
where f = f(x, £, t) denotes the continuous particle distribution
function, representing the density of microscopic particles at po-
sition x traveling with velocity £ at time t. The relaxation time 7
defines the timescale over which particle collisions drive f toward
the local Maxwell-Boltzmann equilibrium distribution g (see Sec-
tion B); it is related to the kinematic viscosity by = = v/(RT), where
R is the specific gas constant and T the temperature, held constant
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at T =Ty in the isothermal model. For isothermal flows, g = g(p, u)
therefore depends solely on the density p and velocity u.

The connection between the aforementioned kinetic model and
macroscopic fluid dynamics is established via velocity-space mo-
ments. Defining the moment vector ¢ = [1, §T]T, the conserved
macroscopic variables and their fluxes are recovered as:

U=(pf), Fa=(aof). ©)

The angle brackets (-) denote velocity-space integration, and &,
represents the d-th component of £ for d € {x,y, z}. Accordingly,
U= [p, puT] " combines density and momentum, while F; denotes
the flux along direction d. Since the BGK collision model locally con-
serves mass and momentum, multiplying Eq. (4) by ¢ and integrating
over £ yields the following conservative governing equation:

y +V-F=0. 6)

ot
Here, the flux tensor F, assembled from directional fluxes F4, incorpo-
rates both inviscid and viscous contributions within a single kinetic
expression. Eq. (6) recovers the isothermal, weakly compressible NS
equations [Kriiger et al. 2017], which approximate incompressible
flow at low Mach numbers. The following subsection details the
spatial discretization of Eq. (6) via the high-order FR scheme.

3.3 Spatial discretization by flux reconstruction

Flux reconstruction [Huynh 2007] discretizes the conservation law
(Eq. (6)) by first representing the solution within each element as
a degree-P polynomial defined by its values at K = P + 1 solu-
tion points. Similar to high-order interpolation that extracts finer
variations from a fixed set of control points, this high-resolution
per-element representation captures finer-scale flow features with-
out extensive grid/mesh refinement, which low-order schemes tend
to smooth out. Elements communicate only through macroscopic
numerical fluxes at shared interfaces; all other computations act
locally on the element’s K solution point values via small, dense
matrix operations. We detail these components below.

Polynomial representation. Consider a single 1D element with
local coordinate r € [—1,1]. The solution within the element is
represented continuously by a polynomial of degree P = K — 1,
interpolated from its values at K solution points (SPs):

U(r) = Zf:l U; Z;(r),

where £; denote Lagrange basis polynomials satisfying £;(r;) = &;;
(Fig. 3). In this work, the SPs { rl-}f: | are chosen as Gauss-Lobatto
points, which include the endpoints r = +1 [Huynh 2007]. The flux
is interpolated analogously as F(r) = X ; F; £;(r) with F; = F(Uj).
Differentiating F(r) at the SPs and substituting into Eq. (6) yields:
E = —EDF, Dij = M, (7)
ot L ar
where U and F denote block vectors assembling the solution and
flux at all K SPs, with each block containing C conserved-variable
components; L is the element length, and D is a K XK differentiation
matrix. Note that this equation governs intra-element evolution only
but does not couple neighboring elements.
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Fig. 2. Schematic of the KPM-FR scheme. The overall algorithmic framework follows a predictor-corrector cycle. The predictor (left) computes local spatial
derivatives and encodes the resulting physical state into compact moments, which are stored in global memory. The corrector (right) retrieves these moments
to evaluate the element-local flux F(h) and common flux F* (k) in closed form, then applies the solution correction to advance the macroscopic variables. This
moment-only data path reduces inter-element bandwidth and memory footprint while simplifying the kinetic flux expressions.

— U@

2 e  Solution points
1
0
r
-1.0 =0.5 0.0 0.5 1.0

Fig. 3. Lagrange polynomial basis in 1D. We show an example in 1D of
the weighted basis functions U;Z;(r) and the reconstructed degree-(K—1)
polynomial at K = 4 Gauss-Lobatto solution points.

Inter-element coupling. As each element forms its polynomial ap-
proximation independently, the flux is typically discontinuous across
element interfaces. FR addresses this by computing a common flux
F* at each interface from both neighboring elements that enforces
global flux continuity. Analogous to the numerical flux evaluation
in FVM, this is usually derived using a Riemann solver [Toro 2009].
Specifically in FR, two correction functions grp(r) and grp(r) of
degree K (one degree higher) are introduced for the left (r = 1)
and right (r = +1) element boundaries, respectively. They satisfy
gr(—1) = gre(1) = 1, (1) = gra(—1) = 0, and the symmetry
condition g;5(r) = grp(—r). These functions blend the common flux
F* into the interior of elements, generating a globally continuous
flux F(r) = F(r) + g1a(r) [FzB - F(—l)] + gr(r) [F;B - F(l)], as in
Fig. 4. Differentiating F at the SPs yields the semi-discrete system:

U 2 F;

Z = _Z(QF + CF), =D-CR, F' =| LB| 8

ot L ©Q b Q [FRB] ®
where F; ; and F,; denote the C-component common fluxes at the

left and right element boundaries, R is a 2 X K extrapolation matrix
evaluating the polynomial at the element boundaries, and C is a
KX 2 correction matrix with entries corresponding to the derivatives

1.00

=== Feor(r)
Fe(r)

0.75

0.50

0.25

0.00

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0

Fig. 4. Continuous flux reconstruction. The discontinuous element-local
flux F(r) is corrected at each element interface to match the common flux
F*, yielding a globally continuous corrected flux F(r).

of the correction functions at the SPs:

(-1 4(1)
(=1 (1)

g/LB(rl) 9&3(71)
923(”2) g;zB(VZ)

©)

>

(-1 (1) 05(rK)  Geg (k)

The choice of correction function governs the properties of the
scheme [Huynh 2007]. In this work, we set grg = g2, with the cor-
rection function g, from Huynh [2007] (distinct from the equilibrium
distribution g in Section 3.2), and ggrp(r) = g2(—r) by symmetry;
other choices recover nodal DG and related spectral-element meth-
ods [Vincent et al. 2011]. For Gauss-Lobatto SPs, g, yields a highly
sparse correction matrix: g} 5 (r1) = ~K(K-1)/2 and g; ;(r;) = 0 for
i > 2, with right-boundary derivatives following symmetry. Note
that matrices D, R, C, and Q are globally constant.

Extension to multiple dimensions. On hexahedral (3D) or quadri-
lateral (2D) elements, SPs are arranged on a tensor-product grid,
with K? points in 2D and K* in 3D. As each coordinate direction acts
independently, the multi-dimensional update decomposes into 1D
FR subproblems: in 2D, the K? points form 2K independent lines of
K points along each axis, and directional contributions are accumu-
lated at each solution point. On axis-aligned grids, the common flux
F* approximates the physical normal flux F(U) - n, where the normal
n points along the positive coordinate axis direction. Unstructured
meshes require only a per-element Jacobian mapping, after which
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all operations proceed identically. The details are presented in the
supplementary material (Sec. 3).

Inviscid limitation. Conventionally, F and F* are computed solely
from inviscid formulations, and extending this scheme to viscous
flows requires non-trivial, computationally expensive auxiliary treat-
ments [Huynh 2009]. The kinetic approach developed in the remain-
der of this work provides both quantities through a single element-
local evolution that naturally incorporates both inviscid and viscous
effects within a unified computational framework, remedying the
aforementioned drawbacks of conventional FR schemes.

3.4 Single-stage temporal integration

Advancing U in time requires integrating the semi-discrete system
in Eq. (8) over each time step. As demonstrated below, both F and
F* can be evaluated in closed form at the half-time step h = At/2,
yielding a single-stage fully discrete update:

2At ;
U(n+1) - U(”) _ T (QF + CF*), (10)

where U™ and U1 denote the block vectors of K nodal con-
servative states at consecutive time steps, and F, F* represent the
corresponding element-local and common fluxes evaluated at h.
We write the update for one coordinate direction and, in 2D or
3D, sum the corresponding directional contributions at each solu-
tion point (Section 3.3). The common flux F*, which governs all
inter-element coupling, is computed only once, whereas a second-
order Runge-Kutta integrator for Eq. (8) would demand at least two
evaluations. This midpoint choice achieves second-order temporal
accuracy; higher-order schemes are available [Gassner et al. 2011],
but at increased computational cost. With the spatial discretization
and single-stage temporal integration defined, only the evaluation
of F and F* at the half-time step remains. In the subsequent sections,
we develop a kinetic framework operating at each solution point;
we thus drop the directional subscript d and use F(¢) and F*(¢)
to denote the per-point element-local and common fluxes along a
single coordinate direction d at time ¢, with superscripts reserved
for block vectors as in Eq. (10).

3.5 Kinetic flux evaluation

The single-stage update (Eq. (10)) requires evaluating the element-
local flux F(h) and the common flux F*(h) at the half-time level
h = At /2. Both are velocity-space moments of their corresponding
distribution function (Eq. (5)), reducing the task to solving Eq. (4)
over the half-step and computing moments of the solution. Recall
that U(t) and F(¢) now denote per-point quantities (Section 3.4). We
show below that F(h) admits a compact expression locally, while
F*(h) introduces an inter-element data dependency that motivates
the moment-based encoding developed in Section 3.6.

Half-time distribution function. Our initial objective is to express
f(h) entirely in terms of U(0) and its spatial gradient. Integrating
Eq. (4) over [0, h] using a finite-difference [Shu et al. 2014] yields
an explicit approximation for the half-time distribution function:

f(h) ~ AfS(h) + Bg(h), A=%, le—%, (11)
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where f*(h) = g(0) — h & - Vg(0), the propagated distribution, is
the first-order Taylor expansion of g along the direction of £. Here,
g(h) = g (U(h)) denotes the equilibrium distribution corresponding
to the half-time macroscopic state. Dependencies on x and & are
omitted for brevity; the relation holds locally at every spatial point
x, with 7 defined as in Section 3.2. The only remaining unknown is
U(h), which governs g(h). This term is determined by imposing the
compatibility condition, yielding U(h) = (¢ [g(0) — h & - Vg(0)]),
where g(0) and Vg(0) are directly provided by the FR discretization.

Per-point flux definitions. With f(h) determined, the element-
local and common fluxes in Eq. (10) follow directly from the moment
relation in Eq. (5). At each solution point,

F(h) =(Za@ f(h)), (12)

where f(h) is obtained from Eq. (11) evaluated at the corresponding
point. At each axis-aligned element interface with unit normal n
oriented along the positive coordinate direction (£ - n = &),

F'(h) = Eag " (1), (13)

where f* denotes a common distribution function constructed from
both adjacent elements in the subsequent development.

Construction of f*. The common distribution function adopts the
same form as Eq. (11) [Xu 2001]. At the interface, each adjacent
element first reconstructs its own half-time distribution, denoted by
f(h) and fr(h), from Eq. (11). The common state is approximated
from the half-range moments of these full distributions,

U™ (h) =@ f(), + (o fa(P))_, (14)

after which the propagated part in f* is selected upwind from the
originating element:

fi(h) ifE-n>0,
fi(h) if&-n<o,

where (-), denotes integration over the half-spaces £-n = 0.Eqs. (11)
and (15) fully specify the half-time fluxes required for the single-
stage temporal update, yet two challenges hinder efficient imple-
mentation. First, velocity-space integrals, especially half-range ones,
lead to lengthy analytical expressions whose direct evaluation is
computationally expensive [Sun et al. 2015]. Second, each sidewise
half-time distribution relies on the spatial gradient Vg (and thus
VU) from the element that computed it, requiring the data entering
U*(h) and F*(h) to be communicated across element boundaries,
increasing inter-element data traffic. Subsequent sections resolve
both issues via a moment-based encoding.

fr(h) ng(U*(h))+A{ (15)

3.6 Moment-based prediction and correction

Consider the data each element requires to perform the single-stage
temporal update in Eq. (10). As elements serve as the basic unit
of parallel execution in our implementation, the key concern is
which data must be exchanged between neighboring elements. The
element-local flux F(h) is self-contained: Eq. (11) relies solely on
g(0) and Vg(0), both available at each solution point. The com-
mon flux F*(h), however, requires Vg from the adjacent element,
amounting to sixteen scalars per solution point in 3D—far in ex-
cess of the compact moment representation developed below. Since
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inter-element data must be written by the predictor and read by the
corrector across element boundaries, these values must pass through
global DRAM for communication between kernels of adjacent el-
ements; each scalar in the payload increases both global memory
footprint and bandwidth consumption. The element interface thus
acts as a bandwidth-limited channel, and efficient implementation
requires minimizing its transmission payload. As shown below, the
kinetic framework admits a natural compact encoding that reduces
inter-element data transfer to its physically necessary minimum,
eliminating gradient traffic through global memory when combined
with the fused-kernel implementation design (Section 4).

Evolution-state identity. To evaluate F*(h), each element requires
the propagated distribution f* from its neighbor, but not the raw
gradient Vg from which f* was built; this distinction opens the door
to a more compact encoding. In kinetic theory, any distribution
function can be decomposed into an equilibrium component g, fully
determined by U, and a non-equilibrium deviation f™¢1 that carries
viscous information. This decomposition reveals a duality: the half-
time distribution function admits both an evolution form, dependent
on element-local gradients of macroscopic variables, and a state
form, relying solely on macroscopic quantities and f™4:

Af*(h) + Bg(h) =f(h = gh)+f*h  16)
————
evolution (requires local gradients) state (compact representation)

Since A + B =1 (Eq. (11)), each element can evaluate the evolution
form from its own data and extract f*4(h) = A[fs(h) - g(h)]. Ele-
ments then recover Af*(h) = Ag(h) + f"¢4(h) from their neighbors,
bypassing VU entirely, provided f™4 can be compactly encoded.

Encoding of f™4. Recall that ™4, in its full mathematical form,
is a function of the particle velocity &, and thus cannot be directly
transmitted. For the isothermal model, where the flux depends only
on second-order velocity moments, all flux-relevant information
in f™4 is encapsulated by a single symmetric tensor II, physically
related to the viscous stress. Grad’s closure [Grad 1949] yields an
explicit velocity-space expression of ™4 as:

117 TMap (éa & — RT Sap)
2RT 2(RT)>? ’

o s | .

~ (2nRT)DP/2
where a, § € {x,y, z} are spatial component indices with repeated
indices denoting summation, 50,5 is the Kronecker delta, and IT is
in turn defined as the second-order moment of f™¢4:

Map = (0 Ep ™). (18)

Substituting Eq. (17) into Eq. (18) recovers Il 5 exactly, making
the encode-decode cycle lossless for the second-order moments
that govern the continuum flux. As IT is symmetric, its nine com-
ponents reduce to six independent values; for low-Mach-number
flows, tr(IT) = 0, eliminating one further component and leaving
five independent values to be produced by the predictor.

Moment-based predictor. With this encoding, the predictor pro-
duces the following half-time quantities at each solution point from
element-local data (see Fig. 2):

U(h) = (@ f*(h), Hap(h) =A (& [fF() -g)]), (19

where f*(h) denotes the propagated distribution function from
Eq. (11). Together, U(h) and IT(h) form the predicted moments in
the predictor stage: nine scalar values per point (four conserved
variables plus five independent stress components), reduced from
the sixteen required by the gradient-based approach. Only these
quantities are exchanged across element interfaces.

Moment-based corrector. Given the predicted moments from both
the local element and the neighboring elements, the corrector can
compute the half-time fluxes without requiring any spatial gradients.
First, the element-local flux at each solution point is expressed as:

F(h) = (Za e [9 (U) + f4 (T())]), (20)

where ™4 is reconstructed from IT(h) using Grad’s closure (Eq. (17)).
Second, the common flux F*(h) = (¢; ¢ f*(h)) simplifies similarly at
the interface: applying the evolution-state identity (Eq. (16)) rewrites
each Af® term in Eq. (15) as Ag + f"°? and each sidewise half-time
distribution f to compute Eq. (26) as g + f™°9, so that f* depends
only on the predicted moments carried by the neighboring elements.
With F(h) and F*(h) obtained, the single-stage temporal update
(Eq. (10)) is abstractly finalized; only the closed-form evaluation of
these velocity-space moment integrals remains.

3.7 Efficient quadrature-free flux evaluation

Note that the moment integrals in Eqgs. (13), (19) and (20) are in-
tended to be computed using simple arithmetic operations for high
efficiency. A standard approach in LBM is Gauss-Hermite quadra-
ture, replacing each moment integral (- - -) with a weighted sum
ZZ‘{ w; (- --) over Ny discrete abscissae. This discretization intro-
duces a computational bottleneck, however: extensive loop unrolling
for the Ng-point summation creates significant register pressure and
arithmetic overhead, and the summation itself proves suboptimal.
Consider the equilibrium moments mg. = <f,‘: gz & g>. The distri-
bution function g is a Gaussian weight multiplied by a polynomial
(Section B), so each mp. admits a simple closed-form expression;
replacing this with a discrete Ny-point summation is clearly in-
efficient. The question is whether this simplicity carries over to
the actual predictor and corrector expressions, which also involve
spatial gradients and half-range integrals of the non-equilibrium
distribution function 4. This is indeed the case, and the remainder
of this section derives the explicit 3D formulations. Throughout,
d € {x,y, z} denotes the tensor-product pass (cf. algorithms 1 and 2),
while @, f € {x,y,z} are free tensor component indices labeling
physical quantities (e.g., Uq, Haﬁ); €, €y, ey, e; denote multi-indices
for moment subscripts (e.g., Me,te, = Mi10)-

Predicted moments. We first address Eq. (19). The conserved-
variable moments {(¢@g) are equilibrium moments with closed-form
evaluations; the non-trivial contribution comes from the gradient
term £-Vgin f*(h) = g(0)—h £-Vg(0) (Eq. (11)), which couples spa-
tial derivatives to velocity-space integration. A forward-difference
linearization decouples these terms. For each d € {x, y, z}, we intro-
duce a shifted equilibrium state:

U) =U—-u.hVqU, u. = eVRT, (21)
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such that Vg9 = [g(U) —g(Uj)] /(uc h), where u, = eVRT de-
notes the characteristic velocity used to ensure dimensional con-
sistency. We hereafter fix e = 0.1, aligning u, with the standard
low-Mach limit employed in weakly compressible formulations.
Because g(U}) is again an equilibrium at a known macroscopic
state, its moments m (Uj) are available in closed form, so the
moment-only path remains open. Define the spatial moment dif-
ference Agmape = [Mape (Uﬁ) — Mgpe] /uc for each pass direction
d. The temporal counterpart is A;mgpe = Mape (U(h)) — mgpe. The
predicted conserved variables then become

U (h) = Moy + ) AdMegrey, (22)
d

where a € {0, x, y, z}, and the predicted stress follow analogously:

Haﬁ(h) =A _Atmea+ep + Z Admea+eﬂ+ed s (23)
d

where a, € {x,y, z} denote tensor component indices, d sums over
all spatial directions, and the traceless constraint is enforced by
subtracting tr(IT)/3 from each diagonal component; off-diagonal
symmetry yields [T, = Ilg,. As established in Section 3.3, the multi-
dimensional temporal update decomposes into 1D subproblems
along each coordinate direction. Note that by linearity of the mo-
ment integrals, each pass d contributes an increment to the predicted
moments, and their accumulation across passes is exact (illustrated
later in algorithm 1). Every term is a linear combination of equilib-
rium moments evaluated at known states, with no velocity-space
summation involved.

Element-local flux. The integrand in Eq. (20) splits into equilib-
rium (Euler) and non-equilibrium (viscous) contributions. The Eu-
ler component reduces to the standard kinetic flux expressed via
Mape(U(h)). For the viscous term, Grad’s closure (Eq. (17)) directly
maps each component of (£; ¢ f9) to the corresponding entry of
I1. Evaluating Eq. (20) for each coordinate direction d, F(h) yields
each column of the flux tensor at a solution point as:

pu po pw
Iy + pu2 +p xy+ puo Iy, + puw

2 . (29)
Iy + puv My, +po°+p Iy + pow
M, + puw Iy, + pow I, + pw?+p

where p = pRT with all quantities evaluated at the half-step state.
This recovers the familiar NS-form flux with the viscous stress IT
appearing explicitly, with no remaining velocity-space integration.
The clean separation between Euler and viscous terms also enables
the split-form anti-aliasing strategy used in Section 5.1.

Common flux. Finally, the common flux (Eq. (13)) involves half-
range rather than full-range integrals. Half-range integration is
usually the most intricate step in kinetic flux solvers [Guo et al. 2008],
yet Grad’s closure renders it tractable: the half-range moments of
"% are linear in IT, which itself is already pre-integrated in the
predictor. Without loss of generality, let &; = &; other directions
follow by rotation invariance [Toro 2009]. Upon substituting Eq. (15)
into Eq. (13), the common flux decomposes as:

ok T * * * * T
F'(h) =F(h) + B [mIOO’ Ma00: M1100 ml()l] ) (25)
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where m?, = mgp.(U"(h)) and F(h) is the half-range contribution
from the propagated part f*. Recall the half-range integration nota-
tion (y). = ffxz , X A€, integrating over the half-space of positive
or negative normal velocity &. Analogously to the predictor, define
Mes = (ESELE gs(h)), and M3y, g = (ESELEE (M), as the
half-range equilibrium and non-equilibrium moments of gs(h) and
fsneq(h), which are constructed from the predicted moments (trans-
formed to local coordinates) on side S € {L, R}, with closed-form
values listed in Section B. The common state (Eq. (14)) evaluates as:

Ui(h) = m:mL + M:a’L +mg o+ M, g, (26)

where a € {0, x, y, z}; these quantities constitute U* (h) at the inter-
face. The half-range flux F(h) follows the same decomposition into
equilibrium and non-equilibrium half-range moments:

Fu(h) =A (m+ Lm ) + M 27)

exteq ex+eq,R ex+eq,L + Me

xtea, R’
where a € {0, x,y, z}. The common flux is then obtained by substi-
tuting Egs. (26) and (27) into Eq. (25). This moment-only formulation
eliminates loop unrolling and special-function evaluations that limit
quadrature-based methods. All flux components, including half-
range terms, are computed using only basic arithmetic operations.
Further enhancements are described in Section 5.1. In the pure-
diffusion limit, this framework recovers a structure analogous to
the diffusive generalized Riemann problem employed in interior
penalty schemes [Gassner et al. 2007].

3.8 Short recipe for implementation

Although the derivation draws heavily on kinetic theory, the result-
ing solver relies purely on basic arithmetic operations. The overall
computational workflow, illustrated in Fig. 2, proceeds as follows:

o Using the solution points and correction function formulations
from Huynh [2007], construct the globally constant matrices D,
R, C, and Q via Egs. (7) to (9).

Compute the kinematic viscosity v and collision time 7 = v/RT.
The isothermal RT is treated as a unified constant (the square
of the speed of sound, typically set to 1/3), and the reference
velocity is typically set to approximately 0.1.

Prior to each time step, compute the time step size At via Eq. (28).
In the predictor step, compute the element-local gradients VU at
all solution points via the matrix D.

Compute the predicted moments U(k) and II(h) at all solution
points via Egs. (22) and (23), using the moment expressions
detailed in Appendix B.

o In the corrector step, compute the element-local flux F(h) at all
solution points via Eq. (24).

Compute the common state U* (h) and common flux vector F*(h)
via Egs. (25) to (27) at the interfaces.

Assemble the local block vectors defined in Eq. (8), and update
U — U+ at all solution points via Eq. (10).

Repeat this procedure for the next spatial dimensions, accumu-
lating all corresponding contributions.

As a practical guideline, we recommend that the cell/element Reynolds
number satisfy uL/v < 4000 to avoid visible under-resolution oscil-
lations. In our tests, such oscillations did not cause blow-up, and can
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be mitigated with the technique described in Section 5.1 if desired.
For the determination of the stable time step At, we adopt:

C L
At = ———
2K = 1 upee + VRT

where L is the element length and uy,x is the maximum velocity
magnitude. The CFL constant C should be C < 0.6 for K < 5 and
C < 0.5 for K > 6. This pipeline maps naturally to GPU hardware;
gradient data never leaves the chip, as described in Section 4.

(28)

4 10-Aware GPU-Optimized Implementation

To achieve full throughput for KPM-FR, we present an I0-aware
design tailored for commodity GPUs. We focus on tensor-product
elements over structured grids, exploiting dimensional separabil-
ity for regular data access patterns and high computing efficiency.
The design of our implementation is guided by a core objective:
IO awareness. For modern GPUs, memory bandwidth has failed to
keep pace with the exponential growth in computational through-
put. This mismatch is particularly pronounced for tensor-product
FR schemes [Trojak et al. 2022]: the formulation entails extensive
matrix operations, and executing these via general matrix-matrix
multiplication (GEMM) kernels requires writing large intermediate
arrays (e.g., gradient tensors) to global memory, which effectively
bottlenecks performance. This pattern is typical in general FR im-
plementations that use GEMM kernels for derivative calculations.
We optimize the scheme to enforce data locality, ensuring FR com-
putations reside almost entirely in the low-latency on-chip memory
hierarchy, including registers, shared memory, and L2 cache.

This design is realized through two coupled architectural choices:
fully fused per-stage kernels and L2-aware halo data access.

(1) Each stage (predictor or corrector) runs as a single kernel launch,
performing differentiation, flux evaluation, split-form, and cor-
rection entirely on-chip, with shared memory for dimensional
transposition.

(2) Gauss-Lobatto solution points expose boundary values directly,
removing the need for explicit flux storage or dedicated flux
kernels, and enabling the fused corrector to fetch neighbor data
without extrapolation or extra buffers.

Together, these designs ensure gradient data never leaves on-chip
memory. The only quantities transferred through global memory
between the predictor and corrector are the predicted moments
U(h) and II(h) from Section 3.6, whose compactness is inherent
to the formulation. Hardware constraints and the mathematical
framework therefore converge on the same minimal payload.

Thread mapping. Thread mapping serves as the critical enabler
of high computational throughput. Each 3D element is allocated
K? threads, where each thread processes a 1D slice of length K,
analogous to that proposed in Swirydowicz et al. [2019]. This enables
adjacent K? threads to collaboratively load element data through K
coalesced memory reads, minimizing global memory access latency.
Intra-element operations (e.g., the matrix-vector product DU) are
executed as in-register computations, eliminating the overhead of
intermediate memory accesses. Coefficients of constant matrices
(e.g., D, CR) are precomputed and fully unrolled at compile time via
template metaprogramming. A 128-thread block is configured to

: off-chip 10 : a group of threads
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Fig. 5. Schematic of the I0-aware GPU-optimized implementation.
Within a single fused kernel, tensor-product FR operations are executed via
directional splitting without intermediate global-memory 10. Threads are
mapped to 1D SP lanes (right; blue and pink groups correspond to the x-
and y-direction passes), while shared memory (SRAM, middle) serves as a
low-latency buffer with in-place transposition for switching between spatial
passes. Green and orange arrows distinguish off-chip and on-chip data
movement. The numbered workflow proceeds as: (1) load flow data from
DRAM; (2) execute 1D updates and write intermediate results to SRAM;
(3) read transposed data for the next spatial pass; (4) buffer processed results
in SRAM; and (5) stream final results back to DRAM. Only steps (1) and (5)
traverse global memory; all intermediate operations remain on-chip.

accommodate the maximum number of K2-thread element groups,
with any residual threads remaining idle to maintain alignment with
hardware warp sizes. In practical deployments, we restrict the value
of K to the range 2 < K < 6. This 128-thread block size is determined
via systematic parameter sweeps to achieve peak throughput.

Memory layout. We adopt a structure of arrays of structures (SoAoS)
format for the storage of per-element data. All solution points be-
longing to a single element are stored in a contiguous memory block,
whereas distinct physical components (e.g., density, momentum)
are assigned the maximum memory stride. When combined with
the thread mapping strategy detailed above, this memory layout
ensures coalesced memory loads and stores for element data.

Dimensional splitting. Multi-dimensional operators are computed
within a single kernel via directional splitting. Each element group al-
locates exactly K FP32 entries of shared memory for tensor transpo-
sitions across different spatial directions. Following the completion
of 1D operations along the x-direction, threads write intermediate
results to the K3 scratch buffer, synchronize across the thread block,
and subsequently read back data as y-aligned slices; this process is
then repeated for the z-direction. Memory bank conflicts at K = 4
are eliminated via padding one dimension of the shared memory
array. Prior to global memory writes, per-element results are staged
in shared memory and subsequently written back in a coalesced,
component-wise fashion. This memory and computation structure
can further be leveraged for transformations between nodal and
modal representations [Hesthaven and Warburton 2008].

Halo access. For the evaluation of common flux vectors, it is criti-
cal to constrain non-local memory accesses to the same data arrays.
We therefore avoid allocating a dedicated array for interface-resident
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quantities. The adoption of Gauss-Lobatto solution points inher-
ently exposes boundary values at r = +1, obviating the need for a
distinct boundary array. Within the corrector, each element group
first retrieves boundary points from neighboring elements before
loading interior solution points. This access pattern is engineered
to maximize cache reuse and minimize halo data traffic to global
memory. We implement the common flux vector formulation for the
face normal n = [1,0,0] . For other face orientations, the identical
kernel is reused by applying a fixed cyclic permutation to state and
flux components both prior to and following kernel evaluation.

Mixed-precision storage. In FP32 precision, the predictor performs
K* x 4 memory reads and K* x (4 + 5) memory writes per element,
whereas the corrector executes K> x (4 + 4 + 5) effective reads and
K3 x 4 writes per element. To mitigate memory traffic, we propose
a mixed-precision optimization tailored to the viscous stress tensor
I1. Each component of IT remains on the order of O(r) and is nearly
zero, exhibits insensitivity to reference velocity shifts, and is not
accumulated across iterative stages. As such, these components
tolerate numerical quantization without introducing discernible bias.
We therefore store IT in FP16 precision while retaining all arithmetic
operations in FP32 to preserve accuracy. With this strategy, each
solution point incurs only 25 effective accesses per time step (down
from 30) and occupies approximately 11 FP32 word equivalents of
storage (compared to 13 originally), inclusive of auxiliary data.

Taken together, these choices yield an implementation whose
on-chip SRAM footprint depends only on the element size K, not
on the complexity of the underlying physical model. The resulting
throughput is quantified in Section 6.3 and Fig. 10, alongside a
comparison with mainstream FR implementations.

5 Practical Considerations

Applying KPM-FR to practical flow problems raises two additional
requirements: ensuring robustness at coarse grid resolutions or
near the inviscid limit, and enforcing boundary conditions on both
immersed and domain-aligned object surfaces.

5.1 Numerical robustness

When applied to under-resolved high-Reynolds-number flows where
the grid fails to adequately resolve the smallest fluid scales, KPM-
FR encounters three critical issues: nonlinear aliasing, general nu-
merical instabilities, and spurious oscillations in shear-dominated
regions. While turbulence modeling [Dzanic et al. 2022; Pope 2015]
would be more appropriate here, it requires further investigation and
lies outside the scope of this work. To enable stable high-Reynolds-
number flow simulations, each issue is addressed via a lightweight
modification to the core update loop (Section 3.8) in the following.

Anti-aliasing via split-form. High-order discretizations are prone
to nonlinear aliasing errors: when nonlinear flux terms are eval-
uated within finite polynomial spaces, high-wavenumber content
is aliased back into the resolved scales as spurious low-frequency
energy [Jameson et al. 2012; Vincent et al. 2011], thereby destabi-
lizing numerical simulations. We employ the split-form flux formu-
lation [Abe et al. 2018] as a lightweight anti-aliasing remedy, by
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modifying the evaluation of the internal flux divergence term in
Eq. (10). The split form recasts the flux divergence as:

" (pun ) = 5 o pun ) + 30 - (pun) + 5Pt -
— (pu =—-—(pu —¢ —(pu —pu, —o,
ar Pn 2or 1" 29 o P T P o
where u,, denotes the advective velocity and ¢ = [1,u,0, w] com-
prises the state variables. In our numerical implementation, the term
QF in Eq. (10) is replaced with the following:

1 1 1
QF ED(Pun‘I’) + E‘PD(Pun) + EpunD(‘P)
+ DF? + DFY - CRF,

where F? and F" represent the pressure and viscous flux compo-
nents, both evaluated at the half-time step h. This should always
be employed in practice: since the differentiation matrix D is al-
ready applied in-kernel (Section 4), the additional split-form passes
introduce negligible computational overhead.

Tunable dissipation via flux blending. We stabilize the scheme by
blending with the canonical KFVS flux [Chou and Baganoff 1997],
which is naturally dissipative. We introduce a blending parameter
A to interpolate between our scheme and the KFVS flux, enabling
tunable numerical dissipation, with both limiting cases (i.e., A =0
and A = 1) ensuring numerical robustness [Sun et al. 2016]. This
requires no additional overhead, and is realized simply by modifying
the coefficients A and B in Eqs. (25) and (27) to A = (1 — )A + A
and B = (1 — 1)B, respectively. We recommend A = 0.5.

Tangential transport correction. Near the inviscid limit, isotropic
flux formulations (e.g., the Rusanov scheme [Toro 2009], the kinetic
flux defined in Egs. (25) and (27), or conventional GKS variants)
tend to induce spurious numerical oscillations. To mitigate this
issue, we adopt a hybrid formulation that incorporates a tangential-
component treatment inspired by Liou and Steffen [1993] into our
kinetic framework. The key idea is to decouple the transport pro-
cesses: the normal flux retains its fully kinetic form to ensure stabil-
ity, whereas the tangential components are reinterpreted as passive
scalars that are advected exclusively by the kinetic mass flux mj,.
The revised tangential flux expressions then replace the original
kinetic moment terms in Eq. (25) as follows:

F; (k) = Fy(h) + g [m’l‘oo (vp +oR) + |m700| (oL — UR)] , )
29
Fy (1) = Fy(h) + 2 [mgg (w4 wi) + i (o1 — )]

where F; (h) and F; (h) represent the modified tangential flux compo-
nents, i.e., the « = y and & = z components, respectively. Note that
the stabilization strategy in Section 5.1 should be applied anisotrop-
ically: we restrict the blending operation to the normal component
of the kinetic flux, whereas the tangential components in Eq. (29) re-
tain a blending parameter of A = 0. This adds tangential dissipation
that acts as an implicit large-eddy-simulation (iLES) model while
suppressing unwanted spurious oscillations (see supplementary
material for comparisons).
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5.2 Solid boundary treatments

We handle solid boundaries in two ways: volumetric forcing within
elements for immersed obstacles and ghost states at element inter-
faces for domain boundary faces.

5.2.1 Volumetric forcing for immersed boundaries. The volumetric
approach is employed for immersed obstacles [Kou et al. 2022] to
enforce the no-slip boundary condition. To this end, we implement
a split forcing substep with a discrete source term:

8 = 2210, p(usy = ). (01 = 0). plwry = w1,

where y € [0, 1] denotes the solid volume fraction; At is the time-
step size specified in Eq. (28), and u,, = [u,, 04y, Wyy] T represents
the wall velocity vector of the obstacle. In practice, to integrate this
substep into the computational kernels, we substitute U™ with
(1 - y)U™ + yU,, during the macroscopic variable reconstruction
of the corrector. Here, U,, is constructed using the fluid density p
and the solid velocity u,,; that is, only the momentum components
are enforced to pu,,, while the density p remains unchanged. This
yields a simple forcing update over the time interval At with source
term S. In our implementation, the volume fraction y is computed
by rasterizing the obstacle geometry into a volumetric mask and
sampling this mask at the solution points. For moving obstacles, the
wall velocity u,, is evaluated pointwise based on rigid-body motion,
encompassing both translational and rotational degrees of freedom.
To suppress numerical artifacts, a smoothed profile can be adopted
in the construction of the volumetric mask y = 0.5 [1 + tanh(y//5)],
where ¢/ denotes the signed distance (with > 0 indicating the
interior region of the obstacle), § is a user-defined smoothing width
that controls the interface thickness (typically set to § ~ L/K for
visualizations, i.e., the average solution point spacing where L is
the element length), and the sign of ¢ is determined via winding
number [Barill et al. 2018].

5.2.2 Interface boundaries via ghost variables. For boundaries that
align with element interfaces, we tailor the computation of the com-
mon flux vector. Given that both the Riemann solver and our kinetic
formulation require flow variables on both sides of an interface,
we construct a ghost state to substitute for the missing neighbor-
ing state. For a no-slip wall boundary, this ghost state is simply
defined by reversing the momentum components of the interior
state: Ug = [p, —pu] ;] , where the subscript “in” denotes the interior
flow state adjacent to the boundary. For gradient-dependent terms,
we adopt the interior values for no-slip walls, whereas these terms
are set to zero for free-slip and far-field boundaries. Wall forces are
computed via the integration of surface stresses. Far-field bound-
aries, which are employed to model open computational domains
and mitigate reflections of outgoing waves, are handled using the
isothermal characteristic approach [Mengaldo et al. 2014]. Consid-
ering a right-hand boundary as an example, the interior flow is
represented by the left state Uy, and the ghost variable Ug is con-
structed on the right-hand side of the boundary. Let U, denote
the prescribed far-field reference variable. We define the normal
velocity u, = u - n and the speed of sound a = VRT, then introduce
the Riemann invariants J, = u, + alnp and J- = u, — aln p. This

yields the following expression:

s = 5 Un(U) + (U], py = exp .

Tangential velocity components are assigned values from the in-
terior variable if the normal velocity component of the interior
variable satisfies u,(Uy) > 0; otherwise, they are taken from the
far-field reference variable Us,. The ghost variable thus constructed,
Up = [ps, ppug] ", is subsequently employed to evaluate the com-
mon flux vector at the boundary interface.

6 Results and Discussion

Our GPU-accelerated KPM-FR solver is implemented using NVIDIA
CUDA [NVIDIA 2025], with optimized support for tensor-product
elements on structured grids. Unless otherwise specified, all sim-
ulations were performed on a workstation equipped with an Intel
i9-14900K CPU, 62 GiB DDR5 RAM, and a single NVIDIA RTX 4090
GPU. The only exceptions include a specialized test case that utilized
a single NVIDIA RTX 5090 GPU, as well as a large-scale simulation
case that used a single NVIDIA RTX PRO 6000 GPU. Photorealis-
tic flow visualizations are produced with Blender [Blender Online
Community 2025], while in-situ post-processing and quantitative
flow analysis are implemented via ParaView Catalyst [Ayachit et al.
2021] and the Visualization Toolkit (VTK) [Schroeder et al. 2006].
We adopt a hybrid four-component visualization strategy to char-
acterize the flow field comprehensively. First, direct volume render-
ing of vorticity magnitude is used to resolve intricate 3D flow struc-
tures. Second, coherent flow features are identified via Q-criterion
isosurfaces [Hunt et al. 1988], which are exported to Blender for
high-fidelity geometric representation. Third, planar cross-sectional
slices are extracted to interrogate the spatial distribution of key
physical quantities. Lastly, passive Lagrangian smoke particles are
advected through the flow field to enable photorealistic rendering.
To demonstrate the intrinsic robustness of the proposed method,
we employ a consistent baseline configuration across most test cases:
Gauss-Lobatto solution points with the g, correction (Section 3.3),
mixed-precision storage (Section 4), and a fixed stabilization factor
of A = 0.5 (Section 5.1), with no additional tangential transport cor-
rections applied (Section 5.1), since the considered cases are neither
significantly under-resolved nor inviscid. For the PyFR-based exper-
iments (Sections 6.1.1 and 6.1.4), the FR correction operator follows
PyFR’s implementation, which corresponds to the DG correction.
For each individual test case, the CFL number is selected to maxi-
mize computational throughput while preserving strict numerical
stability. Across all investigated flow regimes, the scheme main-
tains robust stability with no further empirical parameter tuning
required. Table 2 presents the configurations and timing statistics
corresponding to the key simulation results reported in this work.

6.1 Validations and comparisons

We validate and benchmark KPM-FR against established methods
to assess accuracy, numerical dissipation, memory footprint, and
throughput. The validation framework of our solver is structured
around three core objectives: fundamental numerical consistency,
boundary treatment accuracy on structured and unstructured grids,
and intrinsic solution fidelity in complex transitional flow regimes.
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Fig. 6. High-order convergence in 2D Taylor-Green vortex simulation.
(a) Relative L; velocity error at ¢ = 60 plotted against the total degrees of free-
dom (N X K). The slope of each curve closely aligns with the theoretically
predicted order of accuracy, with the K = 4 case exhibiting superconver-
gence. (b) Visualization of flow streamlines (top panel) and the distribution
of internal solution points for a grid with Ny = 4 and K = 4 (bottom panel).

First, using the Taylor-Green vortex (TGV) benchmark, we verify
its high-order convergence characteristics in 2D and quantify its
numerical dissipation behavior and computational efficiency against
reference methods in 3D. Next, we validate the immersed bound-
ary method via the canonical flow-past-sphere benchmark case.
Finally, to decouple the scheme’s solution accuracy from potential
grid-induced artifacts inherent to structured meshes, we have inte-
grated KPM-FR into the PyFR framework [Witherden et al. 2025] to
validate the challenging SD7003 airfoil test case with a body-fitted
unstructured mesh. Together, these benchmarks assess the solver’s
memory footprint, computational throughput, and numerical dissi-
pation characteristics.

In subsequent sections, we denote our scheme as KPM-FR-KX,
where X denotes the number of solution points along each coordi-
nate direction in a single element. For reference, C17-LBM (cumulant
LBM) refers to the scheme proposed by Geier et al. [2017], which
features optimized adaptive high-order relaxation to reach spatially
fourth-order accuracy in diffusion; this variant is used without its
native limiter to minimize numerical dissipation and leverages the
highly optimized GPU code from Geier et al. [2025]. HOME-LBM
denotes the state-of-the-art MR-LBM by Li et al. [2023]; FluidX3D
(v3.5) [Lehmann 2022], a highly memory-efficient SRT-LBM solver
using a D3Q19 lattice structure with FP32/FP16C precision (the
FP32/FP16S mode showed suboptimal throughput on our hard-
ware), is included as a representative SRT-LBM baseline.

6.1.1 2D Taylor-Green vortex simulation. To validate the spatial
accuracy of our scheme and evaluate its superconvergence behavior,
we first conduct simulations of the 2D Taylor-Green vortex (TGV) in
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a periodic domain of [0, 277]2. This benchmark admits the following
analytical solution to the NS equations:
2
Y,
pi(x,y,t) =1+ ﬁ (cos(2x) + cos(2y)) exp(—4vt),

u*(x,y,t) = —vp sin(x) cos(y) exp(—2vt),
0™ (x,y,t) = vy cos(x) sin(y) exp(—2vt),

where vy denotes the reference velocity. We specify Ma = 0.01
and Re = 100 for the simulations. Double-precision arithmetic is
adopted to minimize machine-level numerical noise. The discrep-
ancy is quantified using the relative L, norm of the velocity field
at t = 60. The integrals are computed via high-order quadrature
over the elements. As shown in Fig. 6, the velocity error exhibits
algebraic decay with increasing spatial resolution. The fitted slopes
are approximately 2.15, 3.17, and 4.96 for K = 2, 3, 4, respectively.
Notably, the K = 4 case demonstrates distinct superconvergence
behavior, with a fitted slope of approximately 5.

6.1.2 3D Taylor-Green vortex simulation. While striking visualiza-
tions of fully developed turbulence can illustrate a scheme’s capacity
to preserve coherent flow structures, such qualitative results are
often inadequate for a rigorous validation of a fluid solver’s intrinsic
resistance to numerical dissipation. Our second benchmark, the 3D
Taylor-Green vortex simulation, acts as a well-established canon-
ical test case for quantifying such numerical dissipation effects.
Propagating in a fully periodic domain of [0, 27]°, the 3D TGV is
devoid of boundary condition-related complexities, enabling a clean,
comprehensive evaluation of the scheme’s inherent numerical dissi-
pation behavior and spectral performance. We focus primarily on a
Reynolds number of Re = 1600, a canonical transitional flow regime
where the flow field is highly sensitive to the numerically dissipative
characteristics of the discretization schemes. A visualization of the
resulting flow field is presented in Fig. 7b.

We monitor the temporal evolution of the volume-averaged ki-
netic energy and enstrophy. Unless otherwise noted, all quantities
presented in this subsection are non-dimensional. Time is normal-
ized by the characteristic time scale 1/v,, with E¢ () and E(¢) denot-
ing the non-dimensional kinetic energy and enstrophy, respectively.
The volume-averaged kinetic energy is defined as:

_ 1 2
Eu»—ﬁﬁﬂlf@ﬁm&ﬁ|@, (30)

where Q denotes the domain volume and p, represents the reference
density. The enstrophy is defined as:

1
(x, IV x u(x, )| dx, (31)
manp

where V X u denotes the vorticity field. It is worth noting that
on structured grids, enstrophy evaluation necessitates high-order
finite-difference schemes to preserve computational accuracy [Geier
et al. 2021]. While the global kinetic energy Ej (t) characterizes the
overall state of the flow system, the enstrophy &(t) is highly sensi-
tive to local small-scale flow gradients and thus directly quantifies
dissipative effects. For ideal incompressible flows, these two integral
quantities satisfy the following balance equation:

1 dEg(t)
2v dt

E(t) =

8(t) = —%e(t) - (32)
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Fig. 7. Spectral accuracy and dissipation characteristics. (a) Temporal evolution of dissipation rates at 256> solution points, referenced against the spectral
direct numerical simulation (DNS) of Wang et al. [2013]. KPM-FR schemes and C17-LBM faithfully capture both the peak timing and magnitude; FluidX3D
falls between C17-LBM and HOME-LBM, while HOME-LBM exhibits a notable deficit in the enstrophy-based metric, consistent with stronger numerical

dissipation. (b) Volume rendering of vorticity magnitude at ¢ = 20 for KPM-FR-K&, illustrating well-resolved fine-scale vortical structures.
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Fig. 8. Quantitative assessment of numerical dissipation. Proximity to
the spectral reference (v = 6.25Xx 10~%) indicates lower numerical dissipation.
KPM-FR-K5 and KPM-FR-K6 closely recover the physical viscosity (Ref.)
with negligible numerical bias. C17-LBM and FluidX3D retain a moderate
positive offset, while HOME-LBM exhibits a markedly elevated effective
viscosity even at 512% (8 the solution points of the 256> baseline).

where €(¢) is the kinetic energy dissipation rate [Pope 2015]. This
relationship enables the quantification of numerical dissipation. Fol-
lowing Geier et al. [2021]; Zhou et al. [2014], we define the effective
viscosity as veg(t) = —€e(t)/(2E(t)). In a strictly incompressible
solver free of numerical errors, veg (t) recovers the physical viscos-
ity v. Accordingly, for our weakly compressible flow solver, devia-
tions from v provide a direct quantitative metric for the numerical
dissipation of the scheme. The initial condition of the flow is:

%
16RT
u(x,y,z,0) = v sin(x) cos(y) cos(z),

p(x,y,2,0) =1+ (cos(2x) + cos(2y)) (cos(2z) + 2),

v(x,y,2,0) = —vg cos(x) sin(y) cos(z),

w(x,y,2,0) =0,

Fig. 9. Visual comparison of vorticity magnitude. For the 3D Taylor-
Green vortex simulation at t = 20 and a different Reynolds number of
Re = 16000 (following the high-Reynolds setup of Geier et al. [2021] with
tangential correction enabled) to magnify dissipation differences between
schemes, we compare slices of the vorticity magnitude field derived from
different numerical schemes and spatial resolutions. Notably, KPM-FR-K6
resolves fine-scale vortical structures, exhibiting qualitatively finer struc-
tures than the higher-resolution HOME-LBM (1923) simulation.

which yields Ma = 0.1. The simulation is executed until ¢ = 20. To
ensure rigorous cross-method comparison, we normalize the spatial
resolution to approximately 256 solution points per dimension. For
LBM methods, this value corresponds to the lattice resolution; for
our scheme, it is defined as N X K, where N = |256/K]. The CFL
numbers are set to 0.6 for KPM-FR-K5 and 0.5 for KPM-FR-Ké6.
Fig. 7 depicts the temporal evolution of two key dissipation met-
rics: the kinetic energy dissipation rate —e(t) (left panel in (a)) and
the enstrophy-based dissipation rate 25 (¢) /Re (right panel in (a)).
Our KPM-FR-K5 and KPM-FR-K6 schemes exhibit excellent agree-
ment with the high-resolution spectral reference [Wang et al. 2013],
faithfully reproducing both the timing of peak dissipation (t =~ 9)
and its corresponding magnitude. While C17-LBM captures the gen-
eral trend with a slightly attenuated peak, HOME-LBM shows a
marked discrepancy in the enstrophy-based metric. This substantial
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Fig. 10. Pareto frontier between fidelity and efficiency. Comparison of
different solvers in Ly dissipation error against computational cost (total
execution time) for the 3D Taylor-Green vortex simulation at Re = 1600.
The KPM-FR schemes (blue and orange curves) push the Pareto frontier
toward the optimal bottom-left region, achieving lower dissipation error at
comparable or lower cost than the PyFR and LBM baselines. Each curve
corresponds to simulations conducted at spatial resolutions of 128, 192, 256,
384, and 512 solution points per dimension. Simulations that resulted in
out-of-memory errors are excluded from the plot.
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Fig. 11. Memory efficiency and runtime performance. We present the
estimated state memory (left) and per-step wall-clock time (right) at a fixed
256° resolution on an NVIDIA RTX 4090. Memory bars estimate resident
state sizes rather than measured peak allocation to normalize between
implementations; for C17-LBM, both the in-place (single-buffer) layout and
a standard (double-buffer) reference layout are shown. It is clear that KPM-
FR uses the least estimated state memory among the compared methods
while maintaining comparable throughput.

underprediction points to stronger numerical dissipation, which
attenuates small-scale turbulent structures prior to the full devel-
opment of the energy cascade. FluidX3D falls between C17-LBM
and HOME-LBM in both metrics, consistent with its SRT collision
operator [Geier et al. 2021]. This trend is further reflected by the
temporal evolution of the effective viscosity veg (t) (Fig. 8), where
the KPM-FR-based schemes recover the theoretical viscosity value
v = 6.25 X 10™* with negligible bias. In contrast, C17-LBM retains
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Fig. 12. Flow transition behind a sphere. Flow field visualizations at (a)
Re =300, depicting periodic vortex shedding, and (b) Re = 1000, displaying
a chaotic, turbulent wake structure. The immersed boundary method effec-
tively captures the laminar-to-turbulent flow transition.

Table 1. Drag prediction for flow past a sphere. Time-averaged drag
coefficient C4 compared with an experimental correlation [Cheng 2009] and
direct numerical simulation (DNS) reference data [Johnson and Patel 1999;
Ploumhans et al. 2002]. Over the Reynolds number range of Re = 100 to
1000, the maximum absolute relative error (with respect to either reference
dataset) is below 3 %. Here, N; denotes the number of solution points
spanning the diameter of the sphere.

Re Ng Ours Exp. DNS  Max. err. (%)

100 27 1.0802 1.1024 1.09 2.01
300 40 0.6550  0.6708 0.66 2.36
1000 54 0.4787  0.4663 0.48 2.66

Fig. 13. Transitional flow features over the SD7003 airfoil. We present
a 2D slice of a 3D instantaneous velocity magnitude field at Re = 60000 and
a = 8°. The solver clearly resolves the laminar separation bubble on the
suction surface and its subsequent transition to turbulent wake.

a slight bias in veg(#), whereas HOME-LBM vyields a markedly ele-
vated veg(t) together with pronounced oscillations that persist at
5123, resulting from the conditioned FP16 shared-memory storage
required by the configuration published in their paper, which our
implementation faithfully reproduces. Visual comparisons of the
vorticity field at ¢ = 20 further corroborate these differences (Fig. 9).

Beyond spectral accuracy, practical utility is dictated by the Pareto
frontier between fidelity and efficiency. We benchmark total execu-
tion time against dissipation error under the hardware specifications
detailed previously. A PyFR (v2.1) solver [Witherden et al. 2025] is
included for reference, configured with Gauss-Legendre quadrature
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Method C; Cy Xsep  Xrea

DGSEM 0.923 0.045 0.027 0.310

1 A\ PyFR  0.941 0.049 0.045 0.315
\\- STAR  0.945 0.055 0.036 0.381
oy = Ours 0.940 0.047 0.036 0.298
u///
LV x/c Exp. 092 0029 —  —
0.0 0.5 1.0

Fig. 14. Quantitative validation of the SD7003 airfoil. Time-averaged
pressure coefficient distribution over the airfoil surface (left panel) and
comparison of integral coefficients (right panel) at Re = 60000 and a = 8°.
Reference datasets are sourced from Beck et al. [2014] for the discontinuous
Galerkin spectral element method (DGSEM), Vermeire et al. [2017] for PyFR
and industrial software STAR-CCM+, and Selig [1995] for experimental mea-
surements. Here, Xsep and Xpea represent the separation and reattachment
points, respectively, in normalized chord coordinates.

points and second-order Runge-Kutta time integration to mitigate
aliasing errors. In graphics applications, numerical dissipation con-
stitutes the key factor degrading visual fidelity, whereas in CFD
applications, it represents the main source of error that undermines
the accurate resolution of vortical structures and turbulent charac-
teristics; we therefore prioritize a dissipation-centric metric ||eg||2,
defined as the residual derived from the enstrophy-energy balance:

[P [28() [Re + ()] dt
JP ez ar '

lleallz =

Fig. 10 depicts the relationship between dissipation error and total
execution time. Our KPM-FR-K6 scheme defines the Pareto frontier,
delivering the minimal error for a given computational budget. At
matching resolutions, the dissipation error from FluidX3D remains
above C17-LBM and KPM-FR. At comparable dissipation error, KPM-
FR shifts the efficiency frontier beyond the community-standard
PyFR framework in this setting. This advantage is expected when
contrasting a specialized implementation with a general-purpose
framework, and highlights the efficiency gains afforded by hardware-
oriented solver design. Fig. 11 presents a comprehensive perfor-
mance summary at a resolution of 256 solution points. Memory is
estimated rather than measured to exclude implementation-specific
overhead (for LBM, the estimate covers distribution populations
and macroscopic variables); for C17-LBM, both the widely used
double-buffer layout and the memory-optimized in-place variant
of VirtualFluids [Geier et al. 2025] are shown to span the practical
range of LBM configurations. From a roofline analysis perspective
(refer to Section 6.3), all computational kernels are memory-bound.
Specifically, HOME-LBM, C17-LBM, FluidX3D, and our KPM-FR-KX
attain effective bandwidth utilization rates of above 80% relative to a
memcpy operation. As a result, the comparative analysis is insensitive
to implementation details, and further low-level code optimization
would not significantly alter the core conclusions drawn herein.

6.1.3  Flow past a sphere. To validate our structured-grid immersed
boundary implementation, we simulate flow past a sphere across a
range of flow regimes. As visualized in Fig. 12, our solver faithfully
captures the physical flow transition, from periodic vortex shedding
at Re = 300 to a chaotic, three-dimensional wake at Re = 1000. For
quantitative validation at moderate Reynolds numbers, simulations
are configured as follows: the Mach number is set to Ma ~ 0.18,
and the computational domain is defined as [25D, 7.5D, 7.5D] with
D denoting the sphere diameter, which is set to 0.4m in our ex-
periments. The simulations use K = 5 and omit the smoothing
profile to maximize sharpness. We report the time-averaged drag
coefficient Cy = Fp /(O.SpOUSA) over an extended temporal win-
dow, where A = mD?/4 is the sphere’s projected area and Fp is the
time-averaged drag force. As summarized in Table 1, our computed
C4 are in good agreement with literature data, with relative errors
generally below 3 % for Re < 1000. This confirms the accuracy of
our method for predicting integral quantities in external aerody-
namic flows at moderate Reynolds numbers. Note that for higher
Reynolds number flows, the boundary layer demands significantly
finer grid resolution, or alternatively, near-wall modeling is requi-
site to ensure accuracy—a factor that motivates the exclusion of
high-Reynolds-number simulations from the present tests.

6.1.4  Flow over an SD7003 airfoil. Lastly, we validate the scheme’s
capability to capture sensitive transitional flow physics via simula-
tions of flow over an SD7003 airfoil at Re = 60000 (Ma = 0.1, « = 8°).
This flow regime is distinguished by a laminar separation bubble
(LSB) on the suction surface—a feature highly susceptible to numer-
ical dissipation. To eliminate grid-related discrepancies, we employ
the identical high-order unstructured mesh utilized in Vermeire et al.
[2017]. While the current architectural constraints of PyFR preclude
the hardware optimizations detailed in Section 4, the setup enables a
direct, topology-independent verification of the formulation’s spec-
tral accuracy. The simulation uses K = 5 with over-integration and
Gauss-Legendre points to mitigate aliasing errors. Statistics are col-
lected over a duration of 30 characteristic time units (¢.), subsequent
to an initial spin-up period of 30t.. Fig. 13 depicts the instantaneous
velocity field, clearly resolving the flow separation, vortex roll-up,
and reattachment processes. Quantitatively, Fig. 14 presents a com-
parison of the time-averaged pressure coefficient (—C,) and integral
force coefficients against well-established numerical and experimen-
tal data. The results exhibit consistent agreement with other solvers,
confirming that our scheme yields reliable solutions for sensitive
external aerodynamic flows.

6.2 Simulation results

With the numerical accuracy and performance of our scheme vali-
dated through the rigorous quantitative benchmarks outlined above,
we can deploy the solver for applications demanding both com-
pelling visual effects and physical fidelity. The following results
show that our method satisfies tight resource constraints while pre-
serving the multiscale details needed for high-fidelity simulations.

6.2.1 Leapfrogging vortex. We begin with the canonical interaction
of two coaxial vortex rings, a simulation scenario for visualizing the
impact of numerical dissipation. Excessive artificial viscosity would
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Fig. 15. Visual simulation of leapfrogging vortex rings. Left to right, the time sequence captures the rear vortex ring (blue) accelerating through the
expanding frontal ring (orange). The minimal numerical dissipation of our scheme enables this complex topological transition to evolve spontaneously into
chaotic, turbulent breakdown (far right), driven purely by intrinsic physical instabilities of nonlinear vortex dynamics.

Fig. 16. Visual simulation of a maneuvering fighter jet. To demonstrate the scheme’s reliability in handling complex geometries, we conducted simulations
of a fighter aircraft across a range of angles of attack (AoA = 8°,16°, 22°). Flow field visualization was achieved via particle tracers released from the leading

edges, as well as the trailing edges of both the canards and main wings. The top row presents the particle rendering results, whereas the bottom row depicts
the corresponding time-averaged streamline distributions. These results clearly demonstrate that our scheme captures the intricate multiscale vortex dynamics

and the complex mutual interactions between the canard and main wing vortices. Notably, the high-fidelity resolution of small-scale flow structures induces
intense turbulent mixing, as clearly evidenced by the highly mixed particle distributions trailing the main wing.

dampen the vortex cores and suppress the characteristic leapfrog-
ging behavior of the system. As illustrated in Fig. 15, our scheme
faithfully captures the contraction-expansion cycles inherent to
the flow, driven purely by the governing fluid dynamics equations.
Moreover, it faithfully resolves the natural transition from coher-
ent flow structures to fine-scale turbulence without supplementary
models to compensate for numerical dissipation, confirming strong
energy-preserving characteristics.

6.2.2 Vortex dynamics of a maneuvering jet. We further test the
scheme’s capability to resolve intricate flow physics via simulations
of a fighter jet featuring a close-coupled canard-wing configuration,
a layout defined by intricate geometric features and coupled with
highly complex tip vortex dynamics. In such a geometric setup,
vortex dynamics is dominated by the intricate mutual interactions
between the canard and main wing. As illustrated in Fig. 16, our
scheme explicitly resolves these coherent vortex structures and their
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mutual inductive interactions. Through the deployment of flow trac-
ers at the leading edges of both the canards and main wing, we
visualize how the upstream canard vortex energizes the boundary
layer atop the main wing. Specifically, our method qualitatively
captures the characteristic spiral lift vortices emanating from the
sharp leading edges, as well as the squeezing effect exerted by the
canard vortex on the fuselage. Notably, at high angles of attack
(AoA > 16°), the solver stably reproduces the onset of vortex break-
down and subsequent transition to turbulence. Furthermore, its
inherent capability to resolve small-scale vortices enables the clear
visualization of intense turbulent mixing over the main wing.

6.2.3  Simulating RTX 5090 airflow on an RTX 5090. To demonstrate
the solver’s capability for high-resolution simulations of complex
geometries with moving components, we present a self-referential
benchmark: simulating the aerodynamic performance of an NVIDIA



Kinetic Predicted-Moment Flux Reconstruction for High-Order High-Performance Fluid Simulation « 67:19

Fig. 17. Simulating RTX 5090 airflow on an RTX 5090. We present a self-aspirated aerodynamic simulation of an NVIDIA RTX 5090, with the entire
computation executed on the GPU hardware under test. Unlike conventional wind-tunnel simulations reliant on artificial inflow conditions, the airflow herein
is driven exclusively by the rotating fans, a setup that mandates precise resolution of the fan blades to avoid non-physical flow stall phenomena. The airflow is
subsequently forced to traverse the dense array of heat sink fins; in such scenarios, lower-order solvers typically exhibit elevated numerical dissipation, leading
to artificial flow blockage artifacts. Our solver faithfully resolves the two turbulent jets emanating from the heat sink fins, demonstrating low-dissipation
characteristics. This simulation consumes only 10 GiB of memory, which fits comfortably within the memory capacity of the GPU under investigation.

RTX 5090 GPU equipped with rotating fans, with the entire com-
putation executed directly on the GPU hardware in question, see
Fig. 17. This result validates the solver’s handling of dynamic compo-
nents and multiscale flow interactions. The shape exhibits extreme
geometric scale disparities, spanning from the ~ 45 cm-scale chas-
sis down to sub-millimeter gaps between heat sink fins. Airflow is
driven entirely by two fans rotating at 1500 RPM; ring-shaped flow
tracers are deployed beneath the fans to visualize the airflow as it is
forced through the explicitly resolved heat sink fins toward the GPU
backplate. The resulting high-speed airflow jets then impinge on
and interact with intricate motherboard components before being
confined by the top chassis panel. A total physical time duration of
1s is simulated. This configuration requires resolving the intense
interactions between fan-driven airflow and the dense array of heat
sink fins, thereby imposing stringent demands on solver stability,
numerical dissipation control, and memory efficiency. Note that the
fin pitch is adjusted to 2.6 mm to match the resolvable spatial reso-
lution within a computationally feasible time budget; even so, the
simulation successfully captures the key qualitative aerodynamic
characteristics of this complex dynamic system.

6.2.4 Extreme-scale urban airflow dynamics. Traditionally, city-
scale airflow simulations that retain meter-scale spatial detail have
typically required large-scale computing resources. To test the oper-
ational limits of our solver, we conduct a large-scale wind environ-
ment simulation of a 3 km-long segment of the Manhattan skyline
(see Fig. 18), using 1.87 billion solution points with an average SP
spacing of approximately 1 m. Thanks to the high-order properties
and compact memory footprint of our solver, simulations of this
scale fit within and run on a single NVIDIA RTX PRO 6000 Black-
well workstation GPU. For this highly under-resolved case, we use

a 6th-order hybrid configuration (K = 6, A = 0) to preserve low
numerical dissipation while maintaining robustness. The computa-
tional domain is discretized into a structured grid with a resolution
of 2982 X 480 X 1302 solution points. For a reference inflow velocity
of 10 m/s, simulating 200 s of physical time takes merely 5.5h of
computation time. The sharp geometric features of the skyscrapers
induce extensive vortex shedding that blankets the entire ground-
level domain, forming multiscale vortex structures that are clearly
visualized in the multiscale illustrations of Fig. 18. This scenario
imposes rigorous demands on the solver’s numerical dissipation
control, under-resolved flow stability, computational efficiency, and
low GPU memory consumption. To the best of our knowledge, no
existing LBM variant attains this level of memory efficiency to ac-
commodate simulations of this scale on a single workstation GPU,
while preserving comparably low numerical dissipation.

6.2.5 Real-time simulation of organic geometries. Benefiting from
its inherent high-order properties, our solver is capable of real-
time simulation of turbulent flows replete with intricate vortical
structures. Here, we demonstrate the solver’s capacity to yield high-
fidelity results while maintaining real-time performance in Fig. 19,
enabled by its high raw computational throughput. We simulate
flow over a rotating sphere with a complex porous organic surface
structure, while also showcasing the robustness of the immersed
boundary method in handling intricate geometric topologies. The
entire simulation, featuring 450 X 150 x 150 solution points and a
K = 5 configuration, was completed in 17 seconds of wall-clock
time, with rendering implemented offline. This level of performance
supports real-time generation of physically consistent turbulent
flows around complex objects, shortening the iteration cycle for
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Fig. 18. Extreme-scale urban airflow dynamics. This large-scale urban wind scenario pushes the throughput and memory limits of single-GPU simulation.
Utilizing our high-performance 6th-order configuration (K = 6), the computational domain is discretized into 1.87 billion solution points, an exceptionally high
resolution density for single-device simulations. Executed on an NVIDIA RTX PRO 6000 Blackwell GPU, the solver sustains a computational throughput of
over 10 billion solution-point updates per second, with the entire simulation completed in 5.5 hours. The top panels illustrate the rich Q-value isosurface
structures surrounding the buildings, while the bottom panels depict instantaneous velocity magnitude fields at heights of 140 m via a multiscale visualization
approach, revealing intricate, oil-painting-like turbulent flow structures that maintain sharp definition and rich structural details.

visual flow design and facilitating time-critical applications such as
reinforcement learning-based policy training.

Readers are encouraged to refer to the supplementary video for
animations of all key demonstration results presented in this work.

6.3 Discussion

There are several technical aspects that merit further discussion.

High-order advantage. Under the constraints of computational
resources, GPU memory and wall-clock time both limit achievable
fidelity. Compact storage mitigates memory limits: fewer bytes per
point allow more grid points to fit on the device. High-order methods
address both limitations: higher spectral efficiency means fewer
points suffice for a given fidelity [Wang et al. 2013], and since the
computational cost of 3D unsteady flow on uniform grids scales as
O(N*), reducing required resolution yields a quartic cost saving.
This resolving efficiency, distinct from formal convergence rates,
shifts the Pareto frontier in Fig. 10: KPM-FR resolves finer flow
structures with fewer computational resources.
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Beyond kernel timings. While speedup ratios are widely adopted
as performance metrics, they often conflate algorithmic innovations
with implementation-level optimizations; Roofline analysis [Williams
et al. 2009] offers a more transparent framework by relating floating-
point throughput to arithmetic intensity (FLOP/byte). As shown in
Fig. 20 (left), all benchmarked kernels saturate the memory band-
width ceiling, confirming that each implementation is memory-
bound. In this regime, lower arithmetic intensity is advantageous:
it provides greater margin relative to the compute ceiling and, as
the right panel demonstrates across three GPU generations with
progressively tighter performance envelopes, maintains kernels in
a purely memory-bound state even on more resource-constrained
hardware. KPM-FR lies between C17-LBM and the more computa-
tionally intensive HOME-LBM,; its bandwidth saturation is enabled
by a highly coalesced predictor and a corrector whose halo traf-
fic is almost entirely absorbed by the L2 cache. FluidX3D is also
highly optimized, with its higher arithmetic intensity originating
from its FP32/FP16C storage scheme. All schemes remain well be-
low the compute-bound ceiling, preserving headroom for future
arithmetic-intensive extensions.
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Fig. 19. Real-time simulation of a rotating organic sphere. We sim-
ulate aerodynamic flow past a porous organic structure in real time to
demonstrate the high raw computational throughput of our scheme. The
simulation sequence captures the flow evolution from a quiescent initial
state (left) to a fully developed turbulent wake (right). Notably, the entire
simulation, with a grid resolution of 450 X 150 X 150 solution points, was
completed in 17 seconds. It should be noted that only the simulation itself
is executed in real time, whereas rendering is implemented offline.

Notably, FR exhibits an intrinsic computational advantage over
classical FVM schemes such as MUSCL-TVD [Toro 2009; van Leer
1979]: the element abstraction provides inherent data and compute
locality. (1) Data are naturally grouped by element, avoiding artificial
tiling and hiding load latency through intra-element parallelism.
(2) Arithmetic intensity is largely decoupled from common-flux
evaluation, while intra-element operations reduce to structured
linear algebra on a fixed reference element. (3) Reconstruction is
strictly element-local, substantially narrowing the performance gap
between structured and unstructured meshes: similar cache-friendly
kernels can be applied to diverse mesh topologies.

6.4 Limitations

Our method possesses certain limitations.

Governing equations and temporal properties. As with standard
GKS formulations [Xu 2004], the kinetic evolution is truncated to
the NS level, thus restricting our scheme to continuum flow regimes
where 7 < At. Our particular formulation further restricts for-
mal temporal accuracy to second order, which is regained in the
continuum limit (r — 0). Nevertheless, across all tested configura-
tions, the solver maintains consistent stability and fidelity under this
second-order temporal integration. The present framework supports
extension to higher-order temporal accuracy, e.g., via CERK-type
schemes [Gassner et al. 2011], which we leave for future work.
Consequently, the proposed method is best suited for low-speed,
convection-dominated flows at moderate to high Reynolds numbers,
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Fig. 20. Roofline analysis on RTX 4090. Left: measured throughput versus
arithmetic intensity for the GPU kernels studied in this work; the solid
diagonal and dashed horizontal lines denote the memory-bandwidth and
peak-compute ceilings, respectively. Filled and open markers distinguish
predictor (P) and corrector (C) stages. Right: examples of hardware Roofline
envelopes for three GPU generations.

which we believe cover a wide range of practical applications and
many computer graphics scenarios.

Time-step constraints. The explicit FR formulation is subject to
CFL-based time-step constraints (Eq. (28)), requiring more time
steps per unit physical time than LBM. In our benchmarks, however,
its higher per-step throughput and resolving efficiency more than
compensate for this, as shown in Fig. 11 and discussed in Section 6.3.

Geometric handling and tensor-product grids. The present opti-
mized implementation targets uniform tensor-product grids, and
the immersed-boundary treatment method (Section 5.2) provides
geometric flexibility. However, resolving critical flow features still
requires sufficient local grid refinement or near-wall modeling. Two
complementary approaches are feasible: body-fitted unstructured
meshes with additional element types, for which we have obtained
preliminary results, and multi-resolution refinement within the
tensor-product setting. Both are supported by FR’s element-local
architecture yet pose unresolved challenges.

7 Conclusions and Outlook

In this work, we present KPM-FR, a kinetic and spatially high-order
numerical scheme for low-Mach-number fluid simulation, built upon
a novel moment-based predictor-corrector paradigm within the flux
reconstruction framework. This inherently compact formulation
minimizes memory overhead by operating directly on kinetic mo-
ments and reduces local kinetic evolution to efficient arithmetic
operations, yielding a favorable frontier of simulation fidelity, com-
putational throughput, and memory footprint. It further extends
the performance envelope of high-order fluid simulation methods,
whose exceptional resolving power can now be paired with a near-
minimal memory footprint and bandwidth-saturating throughput
approaching the hardware limits of single-GPU execution.
KPM-FR advances the shared ambitions of the CFD and com-
puter graphics communities by demonstrating that these objectives
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can be simultaneously achieved within a unified, hardware-aware
framework. It also opens new research avenues for deploying high-
order methods on commodity GPU: from mixed-precision strategies
that trade fidelity for throughput in latency-sensitive workflows,
to compressible extensions, thermal modeling, and adaptive spatial
resolution that relax current governing-equation and resolution lim-
itations for predictive industrial simulations. Furthermore, the core
design philosophy of KPM-FR—tailoring algorithmic architectures
to modern hardware platforms—offers a pathway to other element
types, governing equations, and numerical scheme families. This
approach ultimately embodies the ethos encapsulated by the adage
"There’s plenty of room at the Top" [Leiserson et al. 2020].
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Algorithm 1 Fused predictor: half-step moment accumulation.

Algorithm 2 Fused corrector: flux evaluation and update.

Input: U™
Output: UP), e
procedure PREDICTOR
1: Loap U™ from pram
2: UP) UM, 1% ¢
DIRECTIONAL PASS
: ford € {x, y, z} do
v, U™ — pu®
foreachSPs=0,...,K-1do
U5 [s] « UM [s] —u. h Vg U™ [s]
AgMmgpe < [mabc(Us [s]) - mabc(U(n) [S])] /uc
Accumulate Agmgp, into U®) [s] and TT3[s]
STORE to sRAM; SynC; LOAD next-d slices

(macroscopic state at ¢"; from DrRAM)

(stored to DrRAM)

> x-aligned 1-D slices

> unrolled at compile time

Y ® N ook W

POINTWISE FINALIZATION
10: foreachSPs=0,...,K-1do
1 TP [s] — A(TT[s] = mape (U [s]) + mape (U™ [5]))
12: 0P [s] « ) [s] - e 11P) [s5]/3
13: STORE U<P), ® to pram
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ing Xiong, and Bo Zhu. 2024. Eulerian-Lagrangian Fluid Simulation on Particle Flow
Maps. ACM Transactions on Graphics 43, 4 (July 2024), 1-20. arXiv:2405.09672 [cs]
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A Fused Kernel Pseudocode

Algorithms 1 and 2 summarize the two per-stage GPU kernels used
to realize the workflow in Section 3.8 under the I0-aware design of
Section 4. The superscript (p) denotes the predicted half-step block
vector produced by the predictor, corresponding to U(h) and II(h)
in Section 3.6. The operator Sy[-] denotes the split-form derivative
of the equilibrium flux in direction d described in Section 5.1.

B Low-Mach Maxwellian Equilibrium and Its Moments

For isothermal flows in the low-Mach regime, the Maxwellian equi-
librium distribution function g introduced in Section 3.2 is expanded
to the second order in u [Guo et al. 2013; Kriiger et al. 2017] as:

_ P l£l*
98) = Garmypr P (_ 2RT ) -
¢-u 1 2 ull?
“I"* Rk T awme Y T kT |

where all symbols follow the definitions in Section 3.2 and D denotes

the number of spatial dimensions. We define m . = <§,‘§£Z §g> for

non-negative integers a, b, and c. The first-order moments are:
Moo = pU,

mp10 = PO, Moo1 = pw.

Input: U("), U(p), n®

Output: U("+1)

procedure CORRECTOR
1: Loap interior U®, TI®) from pram
2: LoAD halo U®), TIP) from praM » Gauss-Lobatto, served by L2
3: U« 0

DIRECTIONAL PASS
4 ford € {x, y, z} do
5: foreachSPs=0,...,K-1do
6 Fi[s] — F}(UP[s])

(from DrRAM)
(stored to DrRAM)

> x-aligned 1-D slices

d
7: Frf[s] < F(rm®)[s])
8: F;L, F:;R «— common flux at d-faces

9: SU « 86U + S, [UP)] > split-form equilibrium
+ QF "+ C(F; -RF}})
10: STORE to srRAM; Sync; LoAD next-d slices
UPDATE
11: Loap U™ from pram
122 UMD g™ — 2 A¢SU/L
13: Store U™ to prAM

> midpoint rule

The second-order moments are related to the momentum flux:

Ma2o0 = P(U2 +RT), mgy = P(Uz +RT), mgp2 = P(Wz +RT),

Mmi1p = PUo, Mp11 = POW, My = PUW.
Finally, the third-order moments are:
msoo = 3pRTu, Mmoso = 3pRTv, moos = 3pRTw,
ma10 = pRTv, mig = pRTu, Mao1 = pRTw,
Mo21 = pRTw, mio2 = pRTu, mo12 = pRTv,

with mj;; = 0. These moments supply all the equilibrium data re-
quired by the predictor formulation (Egs. (22) and (23)). For the
common-flux evaluations (Egs. (26) and (27)), the half-range mo-

ments are additionally required. We define m%, = <§,‘§ fz & g)i
and M3, = <§;§Z§§ f neq)i as the half-range equilibrium and non-

equilibrium moments. Their closed-form values are:
Moo = p (1/2 2 u/Cy), Mage =0,
mig =p [u/2 £ (W +2RT) [ (2C1)|, My = s/ (2Cy),

+ + +
Mp10 = 0 Mygp» Mgyo = £1Ley /Cr,

Mgo1 = W Mo, Mg = 11z /Cy,
mzy = p (u* + RT + Cou) /2, MEy = T /2,
mip = po (u/2 £ Cs), My, =Ty /2,
mig; = pw (u/2 £C3), M, =11, /2,

where C; = V27RT, C; = 24/2RT /%, C3 = 4/RT/(27). In our im-
plementation, these are treated as compile-time expressions that
directly map U or II to the higher-order moments.
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